
C H A P T E R 7

Multidimensional Calculus

In the previous chapters we have mainly dealt with real-valued functions of a
single variable x. In this chapter we extend the notions of limits, continuity,
differentiation, and integration to multivariable functions, that is, functions
of several variables. These functions can be real-valued or possibly vector-val-
ued. More specifically, if Rn denotes the n-dimensional Euclidean space,
nG1, then we shall in general consider functions defined on a set D;Rn

and have values in Rm, mG1. Such functions are represented symbolically as
m Ž .f: D™R , where for xs x , x , . . . , x �gD,1 2 n

f x s f x , f x , . . . , f x �Ž . Ž . Ž . Ž .1 2 m

Ž . Ž .and f x is a real-valued function of x , x , . . . , x is1, 2, . . . , m .i 1 2 n
Even though the basic framework of the methodology in this chapter is

general and applies in any number of dimensions, most of the examples are
associated with two- or three-dimensional spaces. At this stage, it would be
helpful to review the basic concepts given in Chapters 1 and 2. This can
facilitate the understanding of the methodology and its development in a
multidimensional environment.

7.1. SOME BASIC DEFINITIONS

Some of the concepts described in Chapter 1 pertained to one-dimensional
Euclidean spaces. In this section we extend these concepts to higher-dimen-
sional Euclidean spaces.

Any point x in Rn can be represented as a column vector of the form
Ž . Ž .x , x , . . . , x �, where x is the ith element of x is1, 2, . . . , n . The1 2 n i

Ž .Euclidean norm of x was defined in Chapter 2 see Definition 2.1.4 as
� � Ž n 2 .1r2x s Ý x . For simplicity we shall drop the subindex 2 and denote2 is1 i

� �this norm by x .
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n Ž . nLet x gR . A neighborhood N x of x is a set of points in R that lie0 r 0 0
within some distance, say r, from x , that is,0

n � � �N x s xgR xyx � r .� 4Ž .r 0 0

Ž .If x is deleted from N x , we obtain the so-called deleted neighborhood of0 r 0
dŽ .x , which we denote by N x .0 r 0

A point x in Rn is a limit point of a set A;Rn if every neighborhood of0
x contains an element x of A such that x�x , that is, every deleted0 0
neighborhood of x contains points of A.0

A set A;Rn is closed if every limit point of A belongs to A.
A point x in Rn is an interior of a set A;Rn if there exists an r�0 such0

Ž .that N x ;A.r 0
A set A;Rn is open if for every point x in A there exists a neighborhood
Ž .N x that is contained in A. Thus A is open if it consists entirely of interiorr

points.
A point pgRn is a boundary point of a set A;Rn if every neighborhood

of p contains points of A as well as points of A, the complement of A with
respect to Rn. The set of all boundary points of A is called its boundary and

Ž .is denoted by Br A .
n � �A set A;R is bounded if there exists an r�0 such that x F r for all x

in A.
Let g: Jq™Rn be a vector-valued function defined on the set of all

Ž . � 4�positive integers. Let g i sa , iG1. Then a represents a sequence ofi i is1
n � 4� � 4�points in R . By a subsequence of a we mean a sequence a suchi is1 k is1i

Ž .that k �k � ��� �k � ��� and k G i for iG1 see Definition 5.1.1 .1 2 i i
� 4� nA sequence a converges to a point cgR if for a given ��0 therei is1

� �exists an integer N such that a yc �� whenever i�N. This is writteni
symbolically as lim a sc, or a ™c as i™�.i™� i i

� 4�A sequence a is bounded if there exists a number K�0 such thati is1
� �a FK for all i.i

7.2. LIMITS OF A MULTIVARIABLE FUNCTION

We recall from Chapter 3 that for a function of a single variable x, its limit at
a point is considered when x approaches the point from two directions, left
and right. Here, for a function of several variables, say x , x , . . . , x , its limit1 2 n

Ž . Ž .at a point as a , a , . . . , a � is considered when xs x , x , . . . , x � ap-1 2 n 1 2 n
proaches a in any possible way. Thus when n�1 there are infinitely many
ways in which x can approach a.

m n Ž .Definition 7.2.1. Let f: D™R , where D;R . Then f x is said to have
Ž .a limit Ls L , L , . . . , L � as x approaches a, written symbolically as x™a,1 2 m

where a is a limit point of D, if for a given ��0 there exists a ��0 such
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� Ž . � dŽ . dŽ .that f x yL �� for all x in DlN a , where N a is a deleted neighbor-� �

hood of a of radius � . If it exists, this limit is written symbolically as
Ž .lim f x sL. �x™ a

Ž .Note that whenever a limit of f x exists, its value must be the same no
matter how x approaches a. It is important here to understand the meaning
of ‘‘x approaches a.’’ By this we do not necessarily mean that x moves along a
straight line leading into a. Rather, we mean that x moves closer and closer
to a along any curve that goes through a.

EXAMPLE 7.2.1. Consider the behavior of the function

x 3yx 3
1 2

f x , x sŽ .1 2 2 2x qx1 2

Ž . Ž .as xs x , x �™0, where 0s 0, 0 �. This function is defined everywhere in1 2
R2 except at 0. It is convenient here to represent the point x using polar
coordinates, r and � , such that x s r cos � , x s r sin � , r�0, 0F�F2� .1 2
We then have

r 3 cos3 �y r 3 sin3 �
f x , x sŽ .1 2 2 2 2 2r cos �q r sin �

s r cos3 �ysin3 � .Ž .

Ž .Since x™0 if and only if r™0, lim f x , x s0 no matter how xx™ 0 1 2
approaches 0.

EXAMPLE 7.2.2. Consider the function

x x1 2
f x , x s .Ž .1 2 2 2x qx1 2

Using polar coordinates again, we obtain

f x , x scos � sin � ,Ž .1 2

which depends on � , but not on r. Since � can have infinitely many values,
Ž .f x , x cannot be made close to any one constant L no matter how small r1 2

is. Thus the limit of this function does not exist as x™0.
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Ž .EXAMPLE 7.2.3. Let f x , x be defined as1 2

x x 2qx 2Ž .2 1 2
f x , x s .Ž .1 2 22 2 2x q x qxŽ .2 1 2

2 Ž .This function is defined everywhere in R except at 0, 0 �. On the line
Ž . 3 Ž 2 4.x s0, f 0, x sx r x qx , which goes to zero as x ™0. When x s0,1 2 2 2 2 2 2

Ž . Ž .f x , 0 s0 for x �0; hence, f x , 0 ™0 as x ™0. Furthermore, for any1 1 1 1
Ž .other straight line x s tx t�0 through the origin we have2 1

tx x 2q t 2 x 2Ž .1 1 1
f x , tx s ,Ž .1 1 22 2 2 2 2t x q x q t xŽ .1 1 1

tx 1q t 2Ž .1
s , x �0,122 2 2t qx 1q tŽ .1

which has a limit equal to zero as x ™0. We conclude that the limit of1
Ž .f x , x is zero as x™0 along any straight line through the origin. However,1 2
Ž .f x , x does not have a limit as x™0. For example, along the circle1 2

x sx 2qx 2 that passes through the origin,2 1 2

22 2x qx 1Ž .1 2 2 2f x , x s s , x qx �0.Ž .1 2 1 22 22 2 2 2 2x qx q x qxŽ . Ž .1 2 1 2

1Ž .Hence, f x , x ™ �0.1 2 2

This example demonstrates that a function may not have a limit as x™a
even though its limit exists for approaches toward a along straight lines.

7.3. CONTINUITY OF A MULTIVARIABLE FUNCTION

The notion of continuity for a function of several variables is much the same
as that for a function of a single variable.

m n Ž .Definition 7.3.1. Let f: D™R , where D;R , and let agD. Then f x
is continuous at a if

lim f x s f a ,Ž . Ž .
x™a

where x remains in D as it approaches a. This is equivalent to stating that for
a given ��0 there exits a ��0 such that

� �f x y f a ��Ž . Ž .
Ž .for all xgDlN a .�
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Ž .If f x is continuous at every point x in D, then it is said to be continuous
Ž . Žin D. In particular, if f x is continuous in D and if � in the definition of

. Žcontinuity depends only on � that is, � is the same for all points in D for
. Ž .the given � , then f x is said to be uniformly continuous in D. �

We now present several theorems that provide some important properties
of multivariable continuous functions. These theorems are analogous to those

Žgiven in Chapter 3. Let us first consider the following lemmas the proofs are
.left to the reader :

Lemma 7.3.1. Every bounded sequence in Rn has a convergent subse-
quence.

This lemma is analogous to Theorem 5.1.4.

Lemma 7.3.2. Suppose that f , g : D™R are real-valued continuous func-
tions, where D;Rn. Then we have the following:

1. fqg, fyg, and fg are continuous in D.
� �2. f is continuous in D.

Ž .3. 1rf is continuous in D provided that f x �0 for all x in D.

This lemma is analogous to Theorem 3.4.1.

Lemma 7.3.3. Suppose that f: D™Rm is continuous, where D;Rn, and
that g: G™R� is also continuous, where G;Rm is the image of D under f.

� Ž . w Ž .xThen the composite function g�f: D™R , defined as g�f x sg f x , is
continuous in D.

This lemma is analogous to Theorem 3.4.2.

Theorem 7.3.1. Let f : D™R be a real-valued continuous function
defined on a closed and bounded set D;Rn. Then there exist points p and q
in D for which

f p s sup f x , 7.1Ž . Ž . Ž .
xgD

f q s inf f x . 7.2Ž . Ž . Ž .
xgD

Ž .Thus f x attains each of its infimum and supremum at least once in D.

Ž .Proof. Let us first show that f x is bounded in D. We shall prove this by
Ž .contradiction. Suppose that f x is not bounded in D. Then we can find a

� 4� � Ž . �sequence of points p in D such that f p G i for iG1 and hencei is1 i
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� Ž . �f p ™� as i™�. Since the terms of this sequence are elements in ai
� 4�bounded set, p must be a bounded sequence. By Lemma 7.3.1, thisi is1

� 4�sequence has a convergent subsequence p . Let p be the limit of thisk is1 0i

subsequence, which is also a limit point of D; hence, it belongs to D, since D
� Ž . � � Ž . �is closed. Now, on one hand, f p ™ f p as i™�, by the continuity ofk 0i

Ž . � Ž . � w Ž .x � Ž . �f x and hence of f x see Lemma 7.3.2 2 . On the other hand, f p ™�.k i
Ž .This contradiction shows that f x must be bounded in D. Consequently, the

Ž .infimum and supremum of f x in D are finite.
Ž . Ž .Suppose now equality 7.1 does not hold for any pgD. Then, My f x �0

Ž . w Ž .xy1for all xgD, where Mssup f x . Consequently, My f x is positivexg D
Ž .and continuous in D by Lemma 7.3.2 3 and is therefore bounded by the first

half of this proof. However, if ��0 is any given positive number, then, by the
Ž .definition of M, we can find a point x in D for which f x �My� , or� �

1 1
� .

My f x �Ž .�

w Ž .xy1This implies that My f x is not bounded, a contradiction, which proves
Ž . Ž .equality 7.1 . The proof of equality 7.2 is similar. �

Theorem 7.3.2. Suppose that D is a closed and bounded set in Rn. If
f: D™Rm is continuous, then it is uniformly continuous in D.

Proof. We shall prove this theorem by contradiction. Suppose that f is not
uniformly continuous in D. Then there exists an ��0 such that for every

� � � Ž . Ž .���0 we can find a and b in D such that ayb �� , but f a y f b G� .
Let us choose �s1ri, iG1. We can therefore find two sequences
� 4� � 4� � �a , b with a , b gD such that a yb �1ri, andi is1 i is1 i i i i

� �f a y f b G� 7.3Ž . Ž . Ž .i i

� 4�for iG1. Now, the sequence a is bounded. Hence, by Lemma 7.3.1, iti is1
� 4�has a convergent subsequence a whose limit, denoted by a , is in D,k is1 0i

since D is closed. Also, since f is continuous at a , we can find a 	�0 such0
� Ž . Ž .� � �that f x y f a ��r2 if xya �	, where xgD. By the convergence of0 0

� 4�a to a , we can choose k large enough so thatk is1 0 ii

1 	
� 7.4Ž .

k 2i

and

	
� �a ya � . 7.5Ž .k 0i 2
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Ž .From 7.5 it follows that

�
� �f a y f a � . 7.6Ž . Ž . Ž .k 0i 2

� �Furthermore, since a yb �1rk , we can writek k ii i

� � � � � �b ya F a ya q a ybk 0 k 0 k ki i i i

	 1
� q �	.

2 ki

Hence, by the continuity of f at a ,0

�
� �f b y f a � . 7.7Ž . Ž .Ž .k 0i 2

Ž . Ž .From inequalities 7.6 and 7.7 we conclude that whenever k satisfiesi
Ž . Ž .inequalities 7.4 and 7.5 ,

� � � � � �f a y f b F f a y f a q f b y f a �� ,Ž . Ž . Ž . Ž .Ž . Ž .k k k 0 k 0i i i i

Ž .which contradicts inequality 7.3 . This leads us to assert that f is uniformly
continuous in D. �

7.4. DERIVATIVES OF A MULTIVARIABLE FUNCTION

In this section we generalize the concept of differentiation given in Chapter 4
to a multivariable function f: D™Rm, where D;Rn.

Ž .Let as a , a , . . . , a � be an interior point of D. Suppose that the limit1 2 n

f a , a , . . . , a qh , . . . , a y f a , a , . . . , a , . . . , aŽ . Ž .1 2 i i n 1 2 i n
lim

hh ™0i i

exists; then f is said to have a partial derivative with respect to x at a. Thisi
Ž . Ž .derivative is denoted by 
 f a r
 x , or just f a , is1, 2, . . . , n. Hence, partiali x i

differentiation with respect to x is done in the usual fashion while treatingi
all the remaining variables as constants. For example, if f : R3™R is defined



MULTIDIMENSIONAL CALCULUS268

Ž . 2 3 3as f x , x , x sx x qx x , then at any point xgR we have1 2 3 1 2 2 3


 f xŽ .
2sx ,2
 x1


 f xŽ .
3s2 x x qx ,1 2 3
 x2


 f xŽ .
2s3 x x .2 3
 x3

Ž .In general, if f is the jth element of f js1, 2, . . . , m , then the termsj
Ž .
 f x r
 x , for is1, 2, . . . , n; js1, 2, . . . , m, constitute an m�n matrixj i

Ž .called the Jacobian matrix after Carl Gustav Jacobi, 1804�1851 of f at x and
Ž . Ž .is denoted by J x . If msn, the determinant of J x is called the Jacobianf f

determinant; it is sometimes represented as


 f , f , . . . , fŽ .1 2 n
det J x s . 7.8Ž . Ž .f 
 x , x , . . . , xŽ .1 2 n

For example, if f: R3™R2 is such that

f x , x , x s x 2 cos x , x 2qx 2 e x1 �,Ž . Ž .1 2 3 1 2 2 3

then

22 x cos x yx sin x 01 2 1 2
J x , x , x s .Ž .f 1 2 3 2 x x1 1x e 2 x 2 x e3 2 3

Higher-order partial derivatives of f are defined similarly. For example, the
second-order partial derivative of f with respect to x at a is defined asi

f a , a , . . . , a qh , . . . , a y f a , a , . . . , a , . . . , aŽ . Ž .x 1 2 i i n x 1 2 i ni ilim
hh ™0i i

2 Ž . 2 Ž .and is denoted by 
 f a r
 x , or f a . Also, the second-order partiali x xi i

derivative of f with respect to x and x , i� j, at a is given byi j

f a , a , . . . , a qh , . . . , a y f a , a , . . . , a , . . . , aŽ .Ž .x 1 2 j j n x 1 2 j ni ilim
hh ™0j j

2 Ž . Ž .and is denoted by 
 f a r
 x 
 x , or f a , i� j.j i x xj i
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Under certain conditions, the order in which differentiation with respect
Ž . Ž .to x and x takes place is irrelevant, that is, f a is identical to f a ,i j x x x xi j j i

i� j. This property is known as the commutative property of partial differen-
tiation and is proved in the next theorem.

Theorem 7.4.1. Let f: D™Rm, where D;Rn, and let a be an interior
point of D. Suppose that in a neighborhood of a the following conditions are
satisfied:

Ž . Ž . Ž .1. 
 f x r
 x and 
 f x r
 x exist and are finite i, js1, 2, . . . , n, i� j .i j
2 Ž . 2 Ž .2. Of the derivatives 
 f x r
 x 
 x , 
 f x r
 x 
 x one exists and isi j j i

continuous.

Then

 2 f a 
 2 f aŽ . Ž .

s .

 x 
 x 
 x 
 xi j j i

2 Ž .Proof. Let us suppose that 
 f x r
 x 
 x exists and is continuous in aj i
neighborhood of a. Without loss of generality we assume that i� j. If

2 Ž .
 f a r
 x 
 x exists, then it must be equal to the limiti j

f a , a , . . . , a qh , . . . , a y f a , a , . . . , a , . . . , aŽ . Ž .x 1 2 i i n x 1 2 i nj jlim ,
hh ™0i i

that is,

1 1
lim lim f a , a , . . . , a qh , . . . , a qh , . . . , a� Ž .1 2 i i j j nh hh ™0 h ™0i ji j

yf a , a , . . . , a qh , . . . , a , . . . , a 4Ž .1 2 i i j n

1
y lim f a , a , . . . , a , . . . , a qh , . . . , a� Ž .1 2 i j j nhh ™0j j

yf a , a , . . . , a , . . . , a , . . . , a . 7.9Ž . Ž .41 2 i j n

Ž . Ž .Let us denote f x , x , . . . , x qh , . . . , x y f x , x , . . . , x , . . . , x by1 2 j j n 1 2 j n
Ž . Ž .� x , x , . . . , x . Then the double limit in 7.9 can be written as1 2 n

1
lim lim � a , a , . . . , a qh , . . . , a , . . . , aŽ .1 2 i i j nh hh ™0 h ™0i j i j

y� a , a , . . . , a , . . . , a , . . . , aŽ .1 2 i j n

1 
 � a , a , . . . , a q� h , . . . , a , . . . , aŽ .1 2 i i i j n
s lim lim , 7.10Ž .

h 
 xh ™0 h ™0i j j i
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Ž .where 0�� �1. In formula 7.10 we have applied the mean value theoremi
Ž . ŽTheorem 4.2.2 to � as if it were a function of the single variable x sincei

.
 fr
 x , and hence 
 �r
 x exists in a neighborhood of a . The right-handi i
Ž .side of 7.10 can then be written as

1 
 f a , a , . . . , a q� h , . . . , a qh , . . . , aŽ .1 2 i i i j j n
lim lim

h 
 xh ™0 h ™0i j j i


 f a , a , . . . , a q� h , . . . , a , . . . , aŽ .1 2 i i i j n
y


 xi


 
 f a , a , . . . , a q� h , . . . , a q� h , . . . , aŽ .1 2 i i i j j j n
s lim lim ,


 x 
 xh ™0 h ™0i j j i

7.11Ž .

Ž .where 0�� �1. In formula 7.11 we have again made use of the meanj
2 Ž .value theorem, since 
 f x r
 x 
 x exists in the given neighborhood aroundj i

2 Ž .a. Furthermore, since 
 f x r
 x 
 x is continuous in this neighborhood, thej i
Ž . 2 Ž .double limit in 7.11 is equal to 
 f a r
 x 
 x . This establishes the asser-j i

tion that the two second-order partial derivatives of f are equal. �

3 Ž .EXAMPLE 7.4.1. Consider the function f : R ™R, where f x , x , x s1 2 3
x e x 2qx cos x . Then1 2 1


 f x , x , xŽ .1 2 3 x 2se yx sin x ,2 1
 x1


 f x , x , xŽ .1 2 3 x 2sx e qcos x ,1 1
 x2


 2 f x , x , xŽ .1 2 3 x 2se ysin x ,1
 x 
 x2 1


 2 f x , x , xŽ .1 2 3 x 2se ysin x .1
 x 
 x1 2

7.4.1. The Total Derivative

Ž . nLet f x be a real-valued function defined on a set D;R , where xs
Ž .x , x , . . . , x �. Suppose that x , x , . . . , x are functions of a single variable1 2 n 1 2 n
t. Then f is a function of t. The ordinary derivative of f with respect to t,
namely dfrdt, is called the total derivative of f.
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Let us now assume that for the values of t under consideration dx rdti
Ž .exists for is1, 2, . . . , n and that 
 f x r
 x exists and is continuous in thei

interior of D for is1, 2, . . . , n. Under these considerations, the total deriva-
tive of f is given by

ndf 
 f x dxŽ . i
s . 7.12Ž .Ýdt 
 x dtiis1

To show this we proceed as follows: Let � x , � x , . . . , � x be increments of1 2 n
x , x , . . . , x that correspond to an increment � t of t. In turn, f will have1 2 n
the increment � f. We then have

� fs f x q� x , x q� x , . . . , x q� x y f x , x , . . . , x .Ž . Ž .1 1 2 2 n n 1 2 n

This can be written as

� fs f x q� x , x q� x , . . . , x q� xŽ .1 1 2 2 n n

yf x , x q� x , . . . , x q� xŽ .1 2 2 n n

q f x , x q� x , . . . , x q� xŽ .1 2 2 n n

yf x , x , x q� x , . . . , x q� xŽ .1 2 3 3 n n

q f x , x , x q� x , . . . , x q� xŽ .1 2 3 3 n n

yf x , x , x , x q� x , . . . , x q� xŽ .1 2 3 4 4 n n

q ���q f x , x , . . . , x , x q� x y f x , x , . . . , x .Ž . Ž .1 2 ny1 n n 1 2 n

By applying the mean value theorem to the difference in each bracket we
obtain


 f x q� � x , x q� x , . . . , x q� xŽ .1 1 1 2 2 n n
� fs� x1 
 x1


 f x , x q� � x , x q� x , . . . , x q� xŽ .1 2 2 2 3 3 n n
q� x2 
 x2


 f x , x , x q� � x , x q� x , . . . , x q� xŽ .1 2 3 3 3 4 4 n n
q� x3 
 x3


 f x , x , . . . , x , x q� � xŽ .1 2 ny1 n n n
q ���q� x ,n 
 xn
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where 0�� �1 for is1, 2, . . . , n. Hence,i

� f � x 
 f x q� � x , x q� x , . . . , x q� xŽ .1 1 1 1 2 2 n n
s

� t � t 
 x1

� x 
 f x , x q� � x , x q� x , . . . , x q� xŽ .2 1 2 2 2 3 3 n n
q

� t 
 x2

� x 
 f x , x , x q� � x , x q� x , . . . , x q� xŽ .3 1 2 3 3 3 4 4 n n
q

� t 
 x3

� x 
 f x , x , . . . , x , x q� � xŽ .n 1 2 ny1 n n n
q ���q . 7.13Ž .

� t 
 xn

Ž .As � t™0, � x r� t™dx rdt, and the partial derivatives in 7.13 , beingi i
Ž .continuous, tend to 
 f x r
 x for is1, 2, . . . , n. Thus � fr� t tends to thei

Ž .right-hand side of formula 7.12 .
Ž . 2 3For example, consider the function f x , x sx yx , where x s1 2 1 2 1

et cos t, x scos tqsin t. Then,2

df
t t 2s2 x e cos tye sin t y3 x ysin tqcos tŽ . Ž .1 2dt

2t t ts2 e cos t e cos tye sin t y3 cos tqsin t ysin tqcos tŽ . Ž . Ž .

s cos tysin t 2 e2 t cos ty6 sin t cos ty3 .Ž . Ž .

Of course, the same result could have been obtained by expressing f directly
as a function of t via x and x and then differentiating it with respect to t.1 2

Ž .We can generalize formula 7.12 by assuming that each of x , x , . . . , x is1 2 n
a function of several variables including the variable t. In this case, we need
to consider the partial derivative 
 fr
 t, which can be similarly shown to have
the value

n
 f 
 f x 
 xŽ . i
s . 7.14Ž .Ý


 t 
 x 
 tiis1

In general, the expression

n 
 f xŽ .
dfs dx 7.15Ž .Ý i
 xiis1

is called the total differential of f at x.
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Ž .EXAMPLE 7.4.2. Consider the equation f x , x s0, which in general1 2
represents a relation between x and x . It may or may not define x as a1 2 2
function of x . In this case, x is said to be an implicit function of x . If x1 2 1 2

Ž .can be obtained as a function of x , then we write x sg x . Consequently,1 2 1
w Ž .x w Ž .xf x , g x will be identically equal to zero. Hence, f x , g x , being a1 1 1 1

function of one variable x , will have a total derivative identically equal to1
Ž .zero. By applying formula 7.12 with tsx we obtain1

df 
 f 
 f dx2
s q �0.

dx 
 x 
 x dx1 1 2 1

If 
 fr
 x �0, then the derivative of x is given by2 2

dx y
 fr
 x2 1
s . 7.16Ž .

dx 
 fr
 x1 2

Ž . Ž .In particular, if f x , x s0 is of the form x yh x s0, and if this1 2 1 2
equation can be solved uniquely for x in terms of x , then x represents the2 1 2

y1Ž . Ž .inverse function of h, that is, x sh x . Thus according to formula 7.16 ,2 1

dhy1 1
s .

dx dhrdx1 2

This agrees with the formula for the derivative of the inverse function given
in Theorem 4.2.4.

7.4.2. Directional Derivatives
m n n ŽLet f: D™R , where D;R , and let v be a unit vector in R that is, a

.vector whose length is equal to one , which represents a certain direction in
the n-dimensional Euclidean space. By definition, the directional derivative
of f at a point x is the interior of D in the direction of v is given by the limit

f xqhv y f xŽ . Ž .
lim ,

hh™0

if it exists. In particular, if vse , the unit vector in the direction of the ithi
coordinate axis, then the directional derivative of f in the direction of v is just

Ž .the partial derivative of f with respect to x is1, 2, . . . , n .i

Lemma 7.4.1. Let f: D™Rm, where D;Rn. If the partial derivatives
Ž .
 f r
 x exist at a point xs x , x , . . . , x � in the interior of D for isj i 1 2 n

1, 2, . . . , n; js1, 2, . . . , m, where f is the jth element of f, then the direc-j
tional derivative of f at x in the direction of a unit vector v exists and is equal

Ž . Ž .to J x v, where J x is the m�n Jacobian of f at x.f f
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Proof. Let us first consider the directional derivative of f in the directionj
of v. To do so, we rotate the coordinate axes so that v coincides with the
direction of the 
 -axis, where 
 , 
 , . . . , 
 are the resulting new coordi-1 1 2 n
nates. By the well-known relations for rotation of axes in analytic geometry of
n dimensions we have

n

x s
 ® q 
 	 , is1, 2, . . . , n , 7.17Ž .Ýi 1 i l l i
ls2

Ž .where ® is the ith element of v is1, 2, . . . , n and 	 is the ith element ofi l i
Ž .� , the unit vector in the direction of the 
 -axis ls2, 3, . . . , n .l l

Now, the directional derivative of f in the direction of v can be obtainedj
by first expressing f as a function of 
 , 
 , . . . , 
 using the relationsj 1 2 n
Ž . Ž .7.17 and then differentiating it with respect to 
 . By formula 7.14 , this is1
equal to

n
 f 
 f 
 xj j i
s Ý



 
 x 

1 i 1is1

n 
 f j
s ® , js1, 2, . . . , m. 7.18Ž .Ý i
 xiis1

Ž .From formula 7.18 we conclude that the directional derivative of fs
Ž . Ž .f , f , . . . , f � in the direction of v is equal to J x v. �1 2 m f

EXAMPLE 7.4.3. Let f: R3™R2 be defined as

2 2 2x qx qx1 2 3
f x , x , x s .Ž .1 2 3 2 2x yx x qx1 1 2 3

'Ž . ŽThe directional derivative of f at xs 1, 2, 1 � in the direction of vs 1r 2 ,
' .y1r 2 , 0 � is

1
'22 x 2 x 2 x1 2 3

J x vs 1Ž .f 2 x yx yx 2 x y1 2 1 3 Ž .1, 2, 1 '2
0

1
y2

'2 '22 4 2s 1 s .10 y1 2 y '2 '2
0
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Definition 7.4.1. Let f : D™R, where D;Rn. If the partial derivatives
Ž . Ž .
 fr
 x is1, 2, . . . , n exist at a point xs x , x , . . . , x � in the interior ofi 1 2 n

Ž .D, then the vector 
 fr
 x , 
 fr
 x , . . . , 
 fr
 x � is called the gradient of f1 2 n
Ž .at x and is denoted by �f x . �

Using Definition 7.4.1, the directional derivative of f at x in the direction
Ž . Ž .of a unit vector v can be expressed as �f x �v, where �f x � denotes the

Ž .transpose of �f x .

The Geometric Meaning of the Gradient

Let f : D™R, where D;Rn. Suppose that the partial derivatives of f exist
Ž .at a point xs x , x , . . . , x � in the interior of D. Let C denote a smooth1 2 n

Ž .curve that lies on the surface of f x sc , where c is a constant, and passes0 0
through the point x. This curve can be represented by the equations x s1
Ž . Ž . Ž . Ž .g t , x sg t , . . . , x sg t , where aF tFb. By formula 7.12 , the total1 2 2 n n

derivative of f with respect to t at x is

ndf 
 f x dgŽ . i
s . 7.19Ž .Ýdt 
 x dtiis1

Ž .The vector �s dg rdt, dg rdt, . . . , dg rdt � is tangent to C at x. Thus from1 2 n
Ž .7.19 we obtain

df
s�f x �� . 7.20Ž . Ž .

dt

w Ž . Ž . Ž .xNow, since f g t , g t , . . . , g t sc along C, then dfrdts0 and hence1 2 n 0
Ž .�f x ��s0. This indicates that the gradient vector is orthogonal to � , and

hence to C, at xgD. Since this result is true for any smooth curve through x,
Ž .we conclude that the gradient vector �f x is orthogonal to the surface of

Ž .f x sc at x.0

Definition 7.4.2. Let f : D™R, where D;Rn. Then �f : D™Rn. The
Ž .Jacobian matrix of �f x is called the Hessian matrix of f and is denoted by

Ž . Ž . Ž .H x . Thus H x sJ x , that is,f f � f

2 2 2
 f x 
 f x 
 f xŽ . Ž . Ž .
���2 
 x 
 x 
 x 
 x
 x 2 1 n 11

. . .. . .H x s . 7.21Ž . Ž .f . . .
2 2 2
 f x 
 f x 
 f xŽ . Ž . Ž .

��� 2
 x 
 x 
 x 
 x 
 x1 n 2 n n
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Ž .The determinant of H x is called the Hessian determinant. If the conditionsf
of Theorem 7.4.1 regarding the commutative property of partial differentia-

Ž .tion are valid, then H x is a symmetric matrix. As we shall see in Sectionf
7.7, the Hessian matrix plays an important role in the identification of
maxima and minima of a multivariable function. �

7.4.3. Differentiation of Composite Functions

Let f: D ™Rm, where D ;Rn, and let g: D ™R p, where D ;Rm. Let x1 1 2 2 0
Ž .be an interior point of D and f x be an interior point of D . If the m�n1 0 2

Ž . w Ž .xJacobian matrix J x and the p�m Jacobian matrix J f x both exist,f 0 g 0
Ž .then the p�n Jacobian matrix J x for the composite function hsg�fh 0

exists and is given by

J x sJ f x J x . 7.22Ž . Ž . Ž . Ž .h 0 g 0 f 0

Ž . Ž . Ž .To prove formula 7.22 , let us consider the k, i th element of J x , namelyh 0
Ž . Ž . w Ž .x Ž . w Ž .x
 h x r
 x , where h x sg f x is the kth element of h x sg f x ,k 0 i k 0 k 0 0 0

Ž .is1, 2, . . . , n; ks1, 2, . . . , p, By applying formula 7.14 we obtain

m
 h x 
 g f x 
 f xŽ . Ž . Ž .k 0 k 0 j 0
s , is1, 2, . . . , n; ks1, 2, . . . , p ,Ý


 x 
 f 
 xi j ijs1

7.23Ž .

Ž . Ž . w Ž .xwhere f x is the jth element of f x , js1, 2, . . . , m. But 
 g f x r
 f isj 0 0 k 0 j
Ž . w Ž .x Ž . Ž .the k, j th element of J f x , and 
 f x r
 x is the j, i th element ofg 0 j 0 i

Ž . Ž .J x , is1, 2, . . . , n; js1, 2, . . . , m; ks1, 2, . . . , p. Hence, formula 7.22f 0
Ž .follows from formula 7.23 and the rule of matrix multiplication.

Ž .In particular, if msnsp, then from formula 7.22 , the determinant of
Ž .J x is given byh 0

det J x sdet J f x det J x . 7.24Ž . Ž . Ž . Ž .Ž .h 0 g 0 f 0

Ž . Ž .Using the notation in formula 7.8 , formula 7.24 can be expressed as


 h , h , . . . , h 
 g , g , . . . , g 
 f , f , . . . , fŽ . Ž . Ž .1 2 n 1 2 n 1 2 n
s . 7.25Ž .


 x , x , . . . , x 
 f , f , . . . , f 
 x , x , . . . , xŽ . Ž . Ž .1 2 n 1 2 n 1 2 n

EXAMPLE 7.4.4. Let f: R2™R3 be given by

2x yx cos x1 2 1

x xf x , x s .Ž . 1 21 2
3 3x qx1 2
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Let g : R3™R be defined as

g 
 , 
 , 
 s
 y
 2q
 ,Ž .1 2 3 1 2 3

where


 sx 2yx cos x ,1 1 2 1


 sx x ,2 1 2


 sx 3qx 3 .3 1 2

In this case,

2 x qx sin x ycos x1 2 1 1

x xJ x s ,Ž . 2 1f
2 23 x 3 x1 2

J f x s 1,y2
 , 1 .Ž . Ž .g 2

Ž .Hence, by formula 7.22 ,

2 x qx sin x ycos x1 2 1 1

x xJ x s 1,y2
 , 1Ž . Ž . 2 1h 2
2 23 x 3 x1 2

s 2 x qx sin x y2 x x 2q3 x 2 ,ycos x y2 x 2 x q3 x 2 .Ž .1 2 1 1 2 1 1 1 2 2

7.5. TAYLOR’S THEOREM FOR A MULTIVARIABLE FUNCTION

We shall now consider a multidimensional analogue of Taylor’s theorem,
which was discussed in Section 4.3 for a single-variable function.

Ž .Let us first introduce the following notation: Let xs x , x , . . . , x �.1 2 n
Then x�� denotes a first-order differential operator of the form

n 

x��s x .Ý i 
 xiis1

The symbol �, called the del operator, was used earlier to define the
Ž .mgradient vector. If m is a positive integer, then x�� denotes an mth-order

differential operator. For example, for msns2,

2

 
2x�� s x qxŽ . 1 2ž /
 x 
 x1 2


 2 
 2 
 2
2 2sx q2 x x qx .1 1 2 22 2
 x 
 x
 x 
 x1 21 2
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Ž .2Thus x�� is obtained by squaring x 
r
 x qx 
r
 x in the usual1 1 2 2
fashion, except that the squares of 
r
 x and 
r
 x are replaced by 
 2r
 x 2

1 2 1
and 
 2r
 x 2, respectively, and the product of 
r
 x and 
r
 x is replaced2 1 2

2 Žby 
 r
 x 
 x here we are assuming that the commutative property of1 2
partial differentiation holds once these differential operators are applied to a

. Ž .mreal-valued function . In general, x�� is obtained by a multinomial expan-
sion of degree m of the form


 mmm k k k1 2 nx�� s x x ��� x ,Ž . Ý 1 2 n k k k1 2 nk , k , . . . , kž / 
 x 
 x ��� 
 x1 2 n 1 2 nk , k , . . . , k1 2 n

Ž . nwhere the sum is taken over all n-tuples k , k , . . . , k for which Ý k sm,1 2 n is1 i
and

m!m
s .k , k , . . . , kž / k ! k ! ��� k !1 2 n 1 2 n

Ž .If a real-valued function f x has partial derivatives through order m, then
Ž .m Ž .an application of the differential operator x�� to f x results in

mm k k1 2x�� f x s x x ���Ž . Ž . Ý 1 2k , k , . . . , kž /1 2 nk , k , . . . , k1 2 n


 m f xŽ .
k n�x . 7.26Ž .n k k k1 2 n
 x 
 x ��� 
 x1 2 n

Ž .m Ž . Ž .m Ž .The notation x�� f x indicates that x�� f x is evaluated at x .0 0

n Ž .Theorem 7.5.1. Let f : D™R, where D;R , and let N x be a� 0
Ž .neighborhood of x gD such that N x ;D. If f and all its partial0 � 0

Ž .derivatives of order F r exist and are continuous in N x , then for any� 0
Ž .xgN x ,� 0

riry1 xyx �� f x xyx �� f zŽ . Ž . Ž . Ž .0 0 0 0
f x s f x q q , 7.27Ž . Ž . Ž .Ý0 i! r !is1

where z is a point on the line segment from x to x.0 0

Ž . Ž . ŽProof. Let hsxyx . Let the function � t be defined as � t s f x q0 0
. Ž . Ž . Ž . Ž . Ž .th , where 0F tF1. If ts0, then � 0 s f x and � 1 s f x qh s f x , if0 0
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Ž .ts1. Now, by formula 7.12 ,

nd� t 
 f xŽ . Ž .
s hÝ idt 
 xi xsx qt his1 0

s h�� f x q th ,Ž . Ž .0

Ž .where h is the ith element of h is1, 2, . . . , n . Furthermore, the derivativei
Ž .of order m of � t is

dm� tŽ . m
s h�� f x q th , 1FmF r .Ž . Ž .0mdt

Since the partial derivatives of f through order r are continuous, then the
Ž . w xsame order derivatives of � t are also continuous on 0, 1 and

md � tŽ . m
s h�� f x , 1FmF r .Ž . Ž .0mdt ts0

If we now apply Taylor’s theorem in Section 4.3 to the single-variable
Ž .function � t , we obtain

i i r rry1 t d� t t d� tŽ . Ž .
� t s� 0 q q , 7.28Ž . Ž . Ž .Ý rii! r ! dtdt ts
ts0is1

Ž .where 0�
� t. By setting ts1 in formula 7.28 , we obtain

riry1 xyx �� f x xyx �� f zŽ . Ž . Ž . Ž .0 0 0 0
f x s f x q q ,Ž . Ž . Ý0 i! r !is1

where z sx q
 h. Since 0�
�1, the point z lies on the line segment0 0 0
between x and x. �0

Ž . Ž .In particular, if f x has partial derivatives of all orders in N x , then we� 0
have the series expansion

i� xyx �� f xŽ . Ž .0 0
f x s f x q . 7.29Ž . Ž . Ž .Ý0 i!is1

Ž .In this case, the last term in formula 7.27 serves as a remainder of Taylor’s
series.
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2 Ž .EXAMPLE 7.5.1. Consider the function f : R ™R defined as f x , x s1 2
x x qx 2qe x1 cos x . This function has partial derivatives of all orders. Thus1 2 1 2

Ž .in a neighborhood of x s 0, 0 � we can write0

1 12 3f x , x s1q x�� f 0, 0 q x�� f 0, 0 q x�� f 
 x , 
 x ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 22! 3!

0�
�1.

It can be verified that

x�� f 0, 0 sx ,Ž . Ž . 1

2 2 2x�� f 0, 0 s3 x q2 x x yx ,Ž . Ž . 1 1 2 2

3 3 
 x 2 
 x1 1x�� f 
 x , 
 x sx e cos 
 x y3 x x e sin 
 xŽ . Ž . Ž . Ž .1 2 1 2 1 2 2

y3 x x 2 e 
 x1 cos 
 x qx 3 e 
 x1 sin 
 x .Ž . Ž .1 2 2 2 2

Hence,

f x , xŽ .1 2

1
2 2s1qx q 3 x q2 x x yxŽ .1 1 1 2 22!

1
3 2 
 x 3 2 
 x1 1q x y3 x x e cos 
 x q x y3 x x e sin 
 x .Ž . Ž .� 41 1 2 2 2 1 2 23!

Ž .The first three terms serve as a second-order approximation of f x , x ,1 2
while the last term serves as a remainder.

7.6. INVERSE AND IMPLICIT FUNCTION THEOREMS

n n Ž .Consider the function f: D™R , where D;R . Let ys f x . The purpose of
this section is to present conditions for the existence of an inverse function
fy1 which expresses x as a function of y. These conditions are given in the

Ž .next theorem, whose proof can be found in Sagan 1974, page 371 . See also
Ž .Fulks 1978, page 346 .

Ž . nTheorem 7.6.1 Inverse Function Theorem . Let f: D™R , where D is
an open subset of Rn and f has continuous first-order partial derivatives

Ž .in D. If for some x gD, the n�n Jacobian matrix J x is nonsingular,0 f 0
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that is,


 f , f , . . . , fŽ .1 2 n
det J x s �0,Ž .f 0 
 x , x , . . . , xŽ .1 2 n xsx 0

Ž .where f is the ith element of f is1, 2, . . . , n , then there exist an ��0 andi
y1 w Ž .xa ��0 such that an inverse function f exists in the neighborhood N f x� 0

Ž . y1and takes values in the neighborhood N x . Moreover, f has continuous� 0
w Ž .x Ž .first-order partial derivatives in N f x , and its Jacobian matrix at f x is� 0 0

Ž .the inverse of J x ; hence,f 0

1
y1det J f x s . 7.30� 4Ž . Ž .f 0 det J xŽ .f 0

EXAMPLE 7.6.1. Let f: R3™R3 be given by

2 x x yx1 2 2

2 2x qx q2 xf x , x , x s .Ž . 1 2 31 2 3

x x qx1 2 2

Here,

2 x 2 x y1 02 1

2 x 1 4 xJ x s ,Ž . 1 3f

x x q1 02 1

w Ž .x 3and det J x sy12 x x . Hence, all xgR at which x x �0, f has anf 2 3 2 3
y1 �Ž . � 4inverse function f . For example, if Ds x , x , x x �0, x �0 , then f is1 2 3 2 3

invertible in D. From the equations

y s2 x x yx ,1 1 2 2

y sx 2qx q2 x 2 ,2 1 2 3

y sx x qx ,3 1 2 2

y1Ž .we obtain the inverse function xs f y , where

y qy1 3
x s ,1 2 y yy3 1

yy q2 y1 3
x s ,2 3

1r221 y qy 2 y yyŽ .1 3 3 1
x s y y y .3 2 2' 32 2 y yyŽ .3 1
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Ž . Ž . Ž .If, for example, we consider x s 1, 1, 1 �, then y s f x s 1, 4, 2 �, and0 0 0
w Ž .x y1det J x sy12. The Jacobian matrix of f at y isf 0 0

2 10 y3 3

1 2y 0y1J y s .Ž . 3 3f 0
1 1y 04 4

Its determinant is equal to

1
y1det J y sy .Ž .f 0 12

w Ž .xWe note that this is the reciprocal of det J x , as it should be according tof 0
Ž .formula 7.30 .

The inverse function theorem can be viewed as providing a unique
Ž .solution to a system of n equations given by ys f x . There are, however,

situations in which y is not explicitly expressed as a function of x. In general,
we may have two vectors, x and y, of orders n�1 and m�1, respectively,
that satisfy the relation

g x, y s0, 7.31Ž . Ž .

where g: Rmqn ™Rn. In this more general case, we have n equations
involving mqn variables, namely, the elements of x and those of y. The

Ž .question now is what conditions will allow us to solve equations 7.31
uniquely for x in terms of y. The answer to this question is given in the next

Ž .theorem, whose proof can be found in Fulks 1978, page 352 .

Ž . nTheorem 7.6.2 Implicit Function Theorem . Let g: D™R , where D is
an open subset of Rmqn , and g has continuous first-order partial derivatives

Ž � � . n min D. If there is a point z gD, where z s x , y � with x gR , y gR0 0 0 0 0 0
Ž .such that g z s0, and if at z ,0 0


 g , g , . . . , gŽ .1 2 n
�0,


 x , x , . . . , xŽ .1 2 n

Ž .where g is the ith element of g is1, 2, . . . , n , then there is a neighborhoodi
Ž . Ž .N y of y in which the equation g x, y s0 can be solved uniquely for x as a� 0 0

continuously differentiable function of y.
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EXAMPLE 7.6.2. Let g: R3™R2 be given by

2x qx qy y181 2g x , x , y s .Ž .1 2 x yx x qyy41 1 2

We have


 g , gŽ . 1 11 2
sdet sx yx y1.2 11yx yxž /
 x , x 2 1Ž .1 2

Ž . Ž . Ž .Let zs x , x , y �. At the point z s 1, 1, 4 �, for example, g z s0 and1 2 0 0
Ž . Ž .
 g , g r
 x , x sy1�0. Hence, by Theorem 7.6.2, we can solve the1 2 1 2

equations

x qx qy2y18s0, 7.32Ž .1 2

x yx x qyy4s0 7.33Ž .1 1 2

uniquely in terms of y in some neighborhood of y s4. For example, if D in0
Theorem 7.6.2 is of the form

�Ds x , x , y x �0, x �0, y�4.06 ,� 4Ž .1 2 1 2

Ž . Ž .then from equations 7.32 and 7.33 we obtain the solution

1r221 2 2x s y y y17 q y y17 y4 yq16 ,Ž . Ž .1 2 ½ 5
1r221 2 2x s 19yy y y y17 y4 yq16 .Ž .2 2 ½ 5

We note that the sign preceding the square root in the formula for x was1
chosen as q, so that x sx s1 when ys4. It can be verified that1 2
Ž 2 .2y y17 y4 yq16 is positive for y�4.06.

7.7. OPTIMA OF A MULTIVARIABLE FUNCTION

Ž . nLet f x be a real-valued function defined on a set D;R . A point x gD is0
said to be a point of local maximum of f if there exists a neighborhood

Ž . Ž . Ž . Ž . Ž . Ž .N x ;D such that f x F f x for all xgN x . If f x G f x for all� 0 0 � 0 0
Ž .xgN x , then x is a point of local minimum. If one of these inequalities� 0 0

holds for all x in D, then x is called a point of absolute maximum, or a point0
of absolute minimum, respectively, of f in D. In either case, x is referred to0

Ž . Ž .as a point of optimum or extremum , and the value of f x at xsx is called0
Ž .an optimum value of f x .
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Ž .In this section we shall discuss conditions under which f x attains local
optima in D. Then, we shall investigate the determination of the optima of
Ž .f x over a constrained region of D.

Ž .As in the case of a single-variable function, if f x has first-order partial
derivatives at a point x in the interior of D, and if x is a point of local0 0
optimum, then 
 fr
 x s0 for is1, 2, . . . , n at x . The proof of this fact isi 0
similar to that of Theorem 4.4.1. Thus the vanishing of the first-order partial

Ž .derivatives of f x at x is a necessary condition for a local optimum at x ,0 0
but is obviously not sufficient. The first-order partial derivatives can be zero
without necessarily having a local optimum at x .0

In general, any point at which 
 fr
 x s0 for is1, 2, . . . , n is called ai
stationary point. It follows that any point of local optimum at which f has
first-order partial derivatives is a stationary point, but not every stationary
point is a point of local optimum. If no local optimum is attained at a
stationary point x , then x is called a saddle point. The following theorem0 0
gives the conditions needed to have a local optimum at a stationary point.

Theorem 7.7.1. Let f : D™R, where D;Rn. Suppose that f has contin-
uous second-order partial derivatives in D. If x is a stationary point of f ,0
then at x f has the following:0

Ž .2 Ž . Ž .i. A local minimum if h�� f x �0 for all hs h , h , . . . , h � in a0 1 2 n
neighborhood of 0, where the elements of h are not all equal to zero.

Ž .2 Ž . Ž .ii. A local maximum if h�� f x �0, where h is the same as in i .0

Ž .2 Ž .iii. A saddle point if h�� f x changes sign for values of h in a0
neighborhood of 0.

Ž .Proof. By applying Taylor’s theorem to f x in a neighborhood of x we0
obtain

1 2f x qh s f x q h�� f x q h�� f z ,Ž . Ž . Ž . Ž . Ž . Ž .0 0 0 02!

where h is a nonzero vector in a neighborhood of 0 and z is a point on the0
line segment from x to x qh. Since x is a stationary point, then0 0 0
Ž . Ž .h�� f x s0. Hence,0

1 2f x qh y f x s h�� f z .Ž . Ž . Ž . Ž .0 0 02!

Also, since the second-order partial derivatives of f are continuous at x ,0
then we can write

1 2 � �f x qh y f x s h�� f x qo h ,Ž . Ž . Ž . Ž . Ž .0 0 02!
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� � Ž .1r2 Ž� �.where h s h�h and o h ™0 as h™0. We note that for small values
� � Ž . Ž . Ž .2 Ž .of h , the sign of f x qh y f x depends on the value of h�� f x . It0 0 0

follows that if

Ž .2 Ž . Ž . Ž .i. h�� f x �0, then f x qh � f x for all nonzero values of h in0 0 0
some neighborhood of 0. Thus x is a point of local minimum of f.0

Ž .2 Ž . Ž . Ž .ii. h�� f x �0, then f x qh � f x for all nonzero values of h in0 0 0
some neighborhood of 0. In this case, x is a point of local maximum0
of f.
Ž .2 Ž .iii. h�� f x changes sign inside a neighborhood of 0, then x is neither0 0
a point of local maximum nor a point of local minimum. Therefore, x 0
must be a saddle point. �

Ž .2 Ž .We note that h�� f x can be written as a quadratic form of the form0
Ž .h�Ah, where AsH x is the n�n Hessian matrix of f evaluated at x , thatf 0 0

is,

f f ��� f11 12 1n

f f ��� f21 22 2 n
. . .As , 7.34Ž .. . .. . .

f f ��� fn1 n2 nn

2 Ž .where for simplicity we have denoted 
 f x r
 x 
 x by f , i, js1, 2, . . . , n0 i j i j
w Ž .xsee formula 7.21 .

Corollary 7.7.1. Let f be the same function as in Theorem 7.7.1, and let
Ž .A be the matrix given by formula 7.34 . If x is a stationary point of f , then0

at x f has the following:0

i. A local minimum if A is positive definite, that is, the leading principal
Ž .minors of A see Definition 2.3.6 are all positive,

f f11 12f �0, det �0, . . . , det A �0. 7.35Ž . Ž .11 ž /f f21 22

ii. A local maximum if A is negative definite, that is, the leading principal
minors of A have alternating signs as follows:

f f n11 12f �0, det �0, . . . , y1 det A �0. 7.36Ž . Ž . Ž .11 ž /f f21 22

iii. A saddle point if A is neither positive definite nor negative definite.
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Proof.

Ž .2 Ž .i. By Theorem 7.7.1, f has a local minimum at x if h�� f x sh�Ah0 0
is positive for all h�0, that is, if A is positive definite. By Theorem

Ž .2.3.12 2 , A is positive definite if and only if its leading principal
Ž .minors are all positive. The conditions stated in 7.35 are therefore

sufficient for a local minimum at x .0

Ž .2 Ž .ii. h�� f x �0 if and only if A is negative definite, or yA is positive0
Ž .definite. Now, a leading principal minor of order m s1, 2, . . . , n of

Ž .myA is equal to y1 multiplied by the corresponding leading princi-
Ž .pal minor of A. This leads to conditions 7.36 .

Ž .2 Ž .iii. If A is neither positive definite nor negative definite, then h�� f x 0
must change sign inside a neighborhood of x . This makes x a saddle0 0
point. �

A Special Case

Ž .If f is a function of only ns2 variables, x and x , then conditions 7.351 2
Ž .and 7.36 can be written as:

i. f �0, f f y f 2 �0 for a local minimum at x .11 11 22 12 0

ii. f �0, f f y f 2 �0 for a local maximum at x .11 11 22 12 0

If f f y f 2 �0, then x is a saddle point, since in this case11 22 12 0


 2 f x 
 2 f x 
 2 f xŽ . Ž . Ž .0 0 02 2h�Ahsh q2h h qh1 1 2 22 2
 x 
 x
 x 
 x1 21 2


 2 f xŽ .0
s h yah h ybh ,Ž . Ž .1 2 1 22
 x1

where ah and bh are the real roots of the equation h�Ahs0 with respect2 2
to h . Hence, h�Ah changes sign in a neighborhood of 0.1

If f f y f 2 s0, then h�Ah can be written as11 22 12

22 2
 f x 
 f x r
 x 
 xŽ . Ž .0 0 1 2
h�Ahs h qh1 22 2 2
 x 
 f x r
 xŽ .1 0 1

2 Ž . 2provided that 
 f x r
 x �0. Thus h�Ah has the same sign as that of0 1
2 Ž . 2 Ž .
 f x r
 x except for those values of hs h , h � for which0 1 1 2


 2 f x r
 x 
 xŽ .0 1 2
h qh s0,1 2 2 2
 f x r
 xŽ .0 1
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2 Ž . 2 2 Ž .in which case it is zero. In the event 
 f x r
 x s0, then 
 f x r
 x 
 x0 1 0 1 2
2 2 Ž . 2s0, and h�Ahsh 
 f x r
 x , which has the same sign as that of2 0 2

2 Ž . 2
 f x r
 x , if it is different from zero, except for those values of hs0 2
Ž . 2h , h � for which h s0, where it is zero. It follows that when f f y f s1 2 2 11 22 12
0, h�Ah has a constant sign for all h inside a neighborhood of 0. However, it
can vanish for some nonzero values of h. For such values of h, the sign of
Ž . Ž .f x qh y f x depends on the signs of higher-order partial derivatives0 0
Ž .higher than second order of f at x . These can be obtained from Taylor’s0
expansion. In this case, no decision can be made regarding the nature of the

Ž .stationary point until these higher-order partial derivatives if they exist have
been investigated.

2 Ž . 2 2EXAMPLE 7.7.1. Let f : R ™R be the function f x , x sx q2 x yx .1 2 1 2 1
Consider the equations


 f
s2 x y1s0,1
 x1


 f
s4 x s0.2
 x2

Ž .The only solution is x s 0.5, 0 �. The Hessian matrix is0

2 0As ,
0 4

Ž .which is positive definite, since 2�0 and det A s8�0. The point x is0
therefore a local minimum. Since it is the only one in R2, it must also be the
absolute minimum.

EXAMPLE 7.7.2. Consider the function f : R3™R, where

1 3 2 2f x , x , x s x q2 x qx y2 x x q3 x x qx xŽ .1 2 3 1 2 3 1 2 1 3 2 33

y10 x q4 x y6 x q1.1 2 3

A stationary point must satisfy the equations


 f
2sx y2 x q3 x y10s0, 7.37Ž .1 2 3
 x1


 f
sy2 x q4 x qx q4s0, 7.38Ž .1 2 3
 x2


 f
s3 x qx q2 x y6s0. 7.39Ž .1 2 3
 x3
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Ž . Ž .From 7.38 and 7.39 we get

x sx y2,2 1

x s4y2 x .3 1

Ž .By substituting these expressions in equation 7.37 we obtain

x 2y8 x q6s0.1 1

' 'This equation has two solutions, namely, 4y 10 and 4q 10 . We therefore
have two stationary points,

Ž1. ' ' 'x s 4q 10 , 2q 10 ,y4y2 10 �,Ž .0

Ž2. ' ' 'x s 4y 10 , 2y 10 ,y4q2 10 �.Ž .0

Now, the Hessian matrix is

2 x y2 31

As .y2 4 1
3 1 2

Its leading principal minors are 2 x , 8 x y4, and 14 x y56. The last one is1 1 1
the determinant of A. At x Ž1. all three are positive. Therefore, x Ž1. is a point0 0
of local minimum. At x Ž2. the values of the leading principal minors are 1.675,0
2.7018, and y44.272. In this case, A is neither positive definite over negative
definite. Thus x Ž2. is a saddle point.0

7.8. THE METHOD OF LAGRANGE MULTIPLIERS

Ž .This method, which is due to Joseph Louis de Lagrange 1736�1813 , is used
Ž .to optimize a real-valued function f x , x , . . . , x , where x , x , . . . , x are1 2 n 1 2 n

Ž .subject to m �n equality constraints of the form

g x , x , . . . , x s0,Ž .1 1 2 n

g x , x , . . . , x s0,Ž .2 1 2 n
...

7.40Ž .

g x , x , . . . , x s0,Ž .m 1 2 n

where g , g , . . . , g are differentiable functions.1 2 m
The determination of the stationary points in this constrained optimization

problem is done by first considering the function
m

F x s f x q 	 g x , 7.41Ž . Ž . Ž . Ž .Ý j j
js1
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Ž .where xs x , x , . . . , x � and 	 , 	 , . . . , 	 are scalars called Lagrange1 2 n 1 2 m
Ž .multipliers. By differentiating 7.41 with respect to x , x , . . . , x and equat-1 2 n

ing the partial derivatives to zero we obtain

m
 F 
 f 
 gj
s q 	 s0, is1, 2, . . . , n. 7.42Ž .Ý j
 x 
 x 
 xi i ijs1

Ž . Ž .Equations 7.40 and 7.42 consist of mqn equations in mqn unknowns,
namely, x , x , . . . , x ; 	 , 	 , . . . , 	 . The solutions for x , x , . . . , x deter-1 2 n 1 2 m 1 2 n
mine the locations of the stationary points. The following argument explains
why this is the case:

Ž .Suppose that in equation 7.40 we can solve for m x ’s, for example,i
x , x , . . . , x , in terms of the remaining nym variables. By Theorem 7.6.2,1 2 m
this is possible whenever


 g , g , . . . , gŽ .1 2 m
�0. 7.43Ž .


 x , x , . . . , xŽ .1 2 m

In this case, we can write

x sh x , x , . . . , x ,Ž .1 1 mq1 mq2 n

x sh x , x , . . . , x ,Ž .2 2 mq1 mq2 n

...
7.44Ž .

x sh x , x , . . . , x .Ž .m m mq1 mq2 n

Ž .Thus f x is a function of only nym variables, namely, x , x , . . . , x .mq1 mq2 n
If the partial derivatives of f with respect to these variables exist and if f has
a local optimum, then these partial derivatives must necessarily vanish,
that is,

m
 f 
 f 
 hj
q s0, ismq1, mq2, . . . , n. 7.45Ž .Ý


 x 
 h 
 xi j ijs1

Ž .Now, if equations 7.44 are used to substitute h , h , . . . , h for x , x , . . . , x ,1 2 m 1 2 m
Ž .respectively, in equation 7.40 , then we obtain the identities

g h , h , . . . , h , x , x , . . . , x �0,Ž .1 1 2 m mq1 mq2 n

g h , h , . . . , h , x , x , . . . , x �0,Ž .2 1 2 m mq1 mq2 n

...

g h , h , . . . , h , x , x , . . . , x �0.Ž .m 1 2 m mq1 mq2 n



MULTIDIMENSIONAL CALCULUS290

By differentiating these identities with respect to x , x , . . . , x wemq1 mq2 n
obtain

m
 g 
 g 
 hk k j
q s0, ismq1, mq2, . . . , n; ks1, 2, . . . , m. 7.46Ž .Ý


 x 
 h 
 xi j ijs1

Let us now define the vectors

�

 g 
 g 
 gk k k

� s , , . . . , , ks1, 2, . . . , m ,k ž /
 x 
 x 
 xmq1 mq2 n

�

 g 
 g 
 gk k k

� s , , . . . , , ks1, 2, . . . , m ,k ž /
 h 
 h 
 h1 2 m

�

 h 
 h 
 hj j j

� s , , . . . , , js1, 2, . . . , m ,j ž /
 x 
 x 
 xmq1 mq2 n

�

 f 
 f 
 f

�s , , . . . , ,ž /
 x 
 x 
 xmq1 mq2 n

�

 f 
 f 
 f

�s , , . . . , .ž /
 h 
 h 
 h1 2 m

Ž . Ž .Equations 7.45 and 7.46 can then be written as

w x w x� : � : ��� : �m q � : � : ��� : � �s0, 7.47Ž .1 2 1 2 m

w x�q � : � : ��� : � �s0, 7.48Ž .1 2 m

w xwhere �s � : � : ��� : � , which is a nonsingular m�m matrix if condition1 2 m
Ž . Ž .7.43 is valid. From equation 7.47 we have

w x w x y1� : � : ��� : � sy � : � : ��� : � � .1 2 m 1 2 m

Ž .By making the proper substitution in equation 7.48 we obtain

w x�q � : � : ��� : � �s0, 7.49Ž .1 2 m

where

�sy�y1 � . 7.50Ž .
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Ž .Equations 7.49 can then be expressed as

m
 f 
 gj
q 	 s0, ismq1, mq2, . . . , n. 7.51Ž .Ý j
 x 
 xi ijs1

Ž .From equation 7.50 we also have

m
 f 
 gj
q 	 s0, is1, 2, . . . , m. 7.52Ž .Ý j
 x 
 xi ijs1

Ž . Ž .Equations 7.51 and 7.52 can now be combined into a single vector
equation of the form

m

�f x q 	 �g s0,Ž . Ý j j
js1

Ž .which is the same as equation 7.42 . We conclude that at a stationary point
of f , the values of x , x , . . . , x and the corresponding values of 	 , 	 , . . . , 	1 2 n 1 2 m

Ž . Ž .must satisfy equations 7.40 and 7.42 .

Sufficient Conditions for a Local Optimum
in the Method of Lagrange Multipliers

Ž .Equations 7.42 are only necessary for a stationary point x to be a point of0
Ž .local optimum of f subject to the constraints given by equations 7.40 .

ŽSufficient conditions for a local optimum are given in Gillespie 1954, pages
.97�98 . The following is a reproduction of these conditions:

Ž .Let x be a stationary point of f whose coordinates satisfy equations 7.400
Ž .and 7.42 , and let 	 , 	 , . . . , 	 be the corresponding Lagrange multipliers.1 2 m

Ž .Let F denote the second-order partial derivative of F in formula 7.41 withi j
Ž . Ž .respect to x , and x , i, js1, 2, . . . , n; i� j. Consider the mqn � mqni j

matrix

Ž1. Ž1. Ž1.F F ��� F g g ��� g11 12 1n 1 2 m

Ž2. Ž2. Ž2.F F ��� F g g ��� g21 22 2 n 1 2 m
. . . . . .. . . . . .. . . . . .

Žn. Žn. Žn.F F ��� F g g ��� gn1 n2 nn 1 2 m
B s , 7.53Ž .1 Ž1. Ž2. Žn.g g ��� g 0 0 ��� 01 1 1

Ž1. Ž2. Žn.g g ��� g 0 0 ��� 02 2 2
. . . . . .. . . . . .. . . . . .
Ž1. Ž2. Žn.g g ��� g 0 0 ��� 0m m m
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where g Ž i.s
 g r
 x , is1, 2, . . . , n; js1, 2, . . . , m. Let � denote the deter-j j i 1
minant of B . Furthermore, let � , � , . . . , � denote a set of principal1 2 3 nym

Ž .minors of B see Definition 2.3.6 , namely, the determinants of the principal1
submatrices B , B , . . . , B , where B is obtained by deleting the first iy12 3 nym i

Ž .rows and the first iy1 columns of B is2, 3, . . . , nym . All the partial1
derivatives used in B , B , . . . , B are evaluated at x . Then sufficient1 2 nym 0
conditions for x to be a point of local minimum of f are the following:0

i. If m is even,

� �0, � �0, . . . , � �0.1 2 nym

ii. If m is odd,

� �0, � �0, . . . , � �0.1 2 nym

However, sufficient conditions for x to be a point of local maximum are the0
following:

i. If n is even,

nym
� �0, � �0, . . . , y1 � �0.Ž .1 2 nym

ii. If n is odd,

nym
� �0, � �0, . . . , y1 � �0.Ž .1 2 nym

EXAMPLE 7.8.1. Let us find the minimum and maximum distances from
the origin to the curve determined by the intersection of the plane x qx s02 3

2 2 2 Ž .with the ellipsoid x q2 x qx q2 x x s1. Let f x , x , x be the squared1 2 3 2 3 1 2 3
distance function from the origin, that is,

f x , x , x sx 2qx 2qx 2 .Ž .1 2 3 1 2 3

The equality constraints are

g x , x , x �x qx s0,Ž .1 1 2 3 2 3

g x , x , x �x 2q2 x 2qx 2q2 x x y1s0.Ž .2 1 2 3 1 2 3 2 3

Then

F x , x , x sx 2qx 2qx 2q	 x qxŽ . Ž .1 2 3 1 2 3 1 2 3

q	 x 2q2 x 2qx 2q2 x x y1 ,Ž .2 1 2 3 2 3


 F
s2 x q2	 x s0, 7.54Ž .1 2 1
 x1
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 F
s2 x q	 q2	 2 x qx s0, 7.55Ž . Ž .2 1 2 2 3
 x2


 F
s2 x q	 q2	 x qx s0. 7.56Ž . Ž .3 1 2 2 3
 x3

Ž . Ž . Ž .Equations 7.54 , 7.55 , and 7.56 and the equality constraints are satisfied
by the following sets of solutions:

I. x s0, x s1, x sy1, 	 s2, 	 sy2.1 2 3 1 2

II. x s0, x sy1, x s1, 	 sy2, 	 sy2.1 2 3 1 2

III. x s1, x s0, x s0, 	 s0, 	 sy1.1 2 3 1 2

IV. x sy1, x s0, x s0, 	 s0, 	 sy1.1 2 3 1 2

To determine if any of these four sets correspond to local maxima or
minima, we need to examine the values of � , � , . . . , � . Here, the matrix1 2 nym

Ž .B in formula 7.53 has the value1

2q2	 0 0 0 2 x2 1

0 2q4	 2	 1 4 x q2 x2 2 2 3

B s .0 2	 2q2	 1 2 x q2 x1 2 2 2 3

0 1 1 0 0
2 x 4 x q2 x 2 x q2 x 0 01 2 3 2 3

Since ns3 and ms2, only one � , namely, � , the determinant of B , isi 1 1
needed. Furthermore, since m is even and n is odd, a sufficient condition for
a local minimum is � �0, and for a local maximum the condition is � �0.1 1
It can be verified that � sy8 for solution sets I and II, and � s8 for1 1
solution sets III and IV. We therefore have local maxima at the points
Ž . Ž .0, 1,y1 and 0,y1, 1 with a common maximum value f s2. We alsomax

Ž . Ž .have local minima at the points 1, 0,0 and y1, 0, 0 with a common
minimum value f s1. Since these are the only local optima on the curve ofmin
intersection, we conclude that the minimum distance from the origin to this

'curve is 1 and the maximum distance is 2 .

7.9. THE RIEMANN INTEGRAL OF A MULTIVARIABLE FUNCTION

In Chapter 6 we discussed the Riemann integral of a real-valued function of
a single variable x. In this section we extend the concept of Riemann
integration to real-valued functions of n variables, x , x , . . . , x .1 2 n
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Definition 7.9.1. The set of points in Rn whose coordinates satisfy the
inequalities

a Fx Fb , is1, 2, . . . , n , 7.57Ž .i i i

Ž .where a �b , is1, 2, . . . , n, form an n-dimensional cell denoted by c a, b .i i n
Ž . n Ž .The content or volume of this cell is Ł b ya and is denoted byis1 i i

w Ž .x� c a,b .n
w xSuppose that P is a partition of the interval a , b , is1, 2, . . . , n. Thei i i

n Ž .Cartesian product Ps� P is a partition of c a, b and consists ofis1 i n
Ž .n-dimensional subcells of c a, b . We denote these subcells by S , S , . . . , S .n 1 2 �

Ž .The content of S is denoted by � S , is1, 2, . . . , � , where � is the numberi i
of subcells. �

Ž .We shall first define the Riemann integral of a real-valued function f x
on an n-dimensional cell; then we shall extend this definition to any bounded
region in Rn.

7.9.1. The Riemann Integral on Cells
n Ž .Let f : D™R, where D;R . Suppose that c a, b is an n-dimensional celln

Ž .contained in D and that f is bounded on c a, b . Let P be a partition ofn
Ž .c a, b consisting of the subcells S , S , . . . , S . Let m and M be, respec-n 1 2 � i i

tively, the infimum and supremum of f on S , is1, 2, . . . , � . Consider thei
sums

�

LS f s m � S , 7.58Ž . Ž . Ž .ÝP i i
is1

�

US f s M � S . 7.59Ž . Ž . Ž .ÝP i i
is1

We note the similarity of these sums to the ones defined in Section 6.2. As
Ž . Ž .before, we refer to LS f and US f as the lower and upper sums,P P

respectively, of f with respect to the partition P.
The following theorem is an n-dimensional analogue of Theorem 6.2.1.

The proof is left to the reader.

Theorem 7.9.1. Let f : D™R, where D;Rn. Suppose that f is bounded
Ž . Ž .on c a, b ;D. Then f is Riemann integrable on c a, b if and only if forn n

Ž .every ��0 there exists a partition P of c a, b such thatn

US f yLS f �� .Ž . Ž .P P

Ž .Definition 7.9.2. Let P and P be two partitions of c a, b . Then P is1 2 n 2
a refinement of P if every point in P is also a point in P , that is, P ;P .1 1 2 1 2

�
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Using this definition, it is possible to prove results similar to those of
Lemmas 6.2.1 and 6.2.2. In particular, we have the following lemma:

Lemma 7.9.1. Let f : D™R, where D;Rn. Suppose that f is bounded
Ž . Ž . Ž .on c a, b ;D. Then sup LS f and inf US f exist, andn P p P P

sup LS f F inf US f .Ž . Ž .P P
PP

Ž .Definition 7.9.3. Let f : c a, b ™R be a bounded function. Then f isn
Ž .Riemann integrable on c a, b if and only ifn

sup LS f s inf US f . 7.60Ž . Ž . Ž .P P
PP

Ž .Their common value is called the Riemann integral of f on c a, b and isn
Ž . b1 b2denoted by H f x dx. This is equivalent to the expression H H ���c Ža, b. a an 1 2bn Ž .H f x , x , . . . , x dx dx ��� dx . For example, for ns2, 3 we havea 1 2 n 1 2 nn

b b1 2f x dxs f x , x dx dx , 7.61Ž . Ž . Ž .H H H 1 2 1 2
Ž .c a , b a a2 1 2

b b b1 2 3f x dxs f x , x , x dx dx dx . 7.62Ž . Ž . Ž .H H H H 1 2 3 1 2 3
Ž .c a , b a a a3 1 2 3

Ž .The integral in formula 7.61 is called a double Riemann integral, and the
Ž .one in formula 7.62 is called a triple Riemann integral. In general, for

Ž .nG2, H f x dx is called an n-tuple Riemann integral. �c Ža, b.n

Ž .The integral H f x dx has properties similar to those of a single-varia-c Ža, b.n

ble Riemann integral in Section 6.4. The following theorem is an extension of
Theorem 6.3.1.

Ž .Theorem 7.9.2. If f is continuous on an n-dimensional cell c a, b , thenn
it is Riemann integrable there.

7.9.2. Iterated Riemann Integrals on Cells

The definition of the n-tuple Riemann integral in Section 7.9.1 does not
provide a practicable way to evaluate it. We now show that the evaluation of
this integral can be obtained by performing n Riemann integrals each of
which is carried out with respect to one variable. Let us first consider the

Ž .double integral as in formula 7.61 .

Ž .Lemma 7.9.2. Suppose that f is real-valued and continuous on c a, b .2
Ž .Define the function g x as2

b1g x s f x , x dx .Ž . Ž .H2 1 2 1
a1

Ž . w xThen g x is continuous on a , b .2 2 2
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Ž .Proof. Let ��0 be given. Since f is continuous on c a, b , which is2
closed and bounded, then by Theorem 7.3.2, f is uniformly continuous on
Ž .c a, b . We can therefore find a ��0 such that2

�
f 	 y f � �Ž . Ž .

b ya1 1

� � Ž . Ž . w xif 	y� �� , where 	s x , x �, �s y , y �, and x , y g a , b , x , y1 2 1 2 1 1 1 1 2 2
w x � �g a , b . It follows that if y yx �� , then2 2 2 2

b1g y yg x s f x , y y f x , x dxŽ . Ž . Ž . Ž .H2 2 1 2 1 2 1
a1

b1F f x , y y f x , x dxŽ . Ž .H 1 2 1 2 1
a1

�b1
� dx , 7.63Ž .H 1b yaa 1 11

�Ž . Ž . � � � Ž .since x , y �y x , x � s y yx �� . From inequality 7.63 we con-1 2 1 2 2 2
clude that

g y yg x ��Ž . Ž .2 2

� � Ž . w xif y yx �� . Hence, g x is continuous on a , b . Consequently, from2 2 2 2 2
Ž . w x b2 Ž .Theorem 6.3.1, g x is Riemann integrable on a , b , that is, H g x dx2 2 2 a 2 22

exists. We call the integral

b b b2 2 1g x dx s f x , x dx dx 7.64Ž . Ž . Ž .H H H2 2 1 2 1 2
a a a2 2 1

an iterated integral of order 2. �

Ž .The next theorem states that the iterated integral 7.64 is equal to the
Ž .double integral H f x dx.c Ža, b.2

Ž .Theorem 7.9.3. If f is continuous on c a, b , then2

b b2 1f x dxs f x , x dx dx .Ž . Ž .H H H 1 2 1 2
Ž .c a , b a a2 2 1

Proof. Exercise 7.22. �

Ž .We note that the iterated integral in 7.64 was obtained by integrating
first with respect to x , then with respect to x . This order of integration1 2



THE RIEMANN INTEGRAL OF A MULTIVARIABLE FUNCTION 297

could have been reversed, that is, we could have integrated f with respect to
x and then with respect to x . The result would be the same in both cases.2 1

Ž .This is based on the following theorem due to Guido Fubini 1879�1943 .

Ž . Ž .Theorem 7.9.4 Fubini’s Theorem . If f is continuous on c a, b , then2

b b b b2 1 1 2f x dxs f x , x dx dx s f x , x dx dxŽ . Ž . Ž .H H H H H1 2 1 2 1 2 2 1
Ž .c a , b a a a a2 2 1 1 2

Ž .Proof. See Corwin and Szczarba 1982, page 287 . �

A generalization of this theorem to multiple integrals of order n is given
w Ž .xby the next theorem see Corwin and Szczarba 1982, Section 11.1 .

Ž .Theorem 7.9.5 Generalized Fubini’s Theorem . If f is continuous on
Ž . � � 4c a, b s x a Fx Fb , is1, 2, . . . , n , thenn i i i

bif x dxs f x dx dx , is1, 2, . . . , n ,Ž . Ž .H H H i Ž i.
Ž i.Ž . Ž .c a , b c a , b an ny1 i

Ž i. Ž . Ž .where dx sdx dx ��� dx dx ��� dx and c a, b is an ny1 -Ž i. 1 2 iy1 iq1 n ny1
dimensional cell such that a F x F b , a F x F b , . . . , a F x F1 1 1 2 2 2 iy1 iy1
b , a Fx Fb , . . . , a Fx Fb .iy1 iq1 iq1 iq1 n n n

7.9.3. Integration over General Sets

We now consider n-tuple Riemann integration over regions in Rn that are
not necessarily cell shaped as in Section 7.9.1.

Let f : D™R be a bounded and continuous function, where D is a
n Ž .bounded region in R . There exists an n-dimensional cell c a, b such thatn

Ž . Ž .D;c a, b . Let g : c a, b ™R be defined asn n

f x , xgD ,Ž .
g x sŽ . ½ 0, x�D.

Then

g x dxs f x dx. 7.65Ž . Ž . Ž .H H
Ž .c a , b Dn

Ž .The integral on the right-hand side of 7.65 is independent of the choice of
Ž . Ž .c a, b provided that it contains D. It should be noted that the function g xn

Ž .may not be continuous on Br D , the boundary of D. This, however, should
Ž .not affect the existence of the integral on the left-hand side of 7.65 . The

reason for this is given in Theorem 7.9.7. First, we need to define the
so-called Jordan content of a set.
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n Ž .Definition 7.9.4. Let D;R be a bounded set such that D;c a, b forn
some n-dimensional cell. Let the function 	 : Rn™R be defined asD

1, xgD ,
	 x sŽ .D ½ 0, x�D.

This is called the characteristic function of D. Suppose that

sup LS 	 s inf US 	 , 7.66Ž . Ž . Ž .P D P D
PP

Ž . Ž .where LS 	 and US 	 are, respectively, the lower and upper sums ofP D P D
Ž . Ž .	 x with respect to a partition P of c a, b . Then, D is said to have anD n

Ž . Ž .n-dimensional Jordan content denoted by � D , where � D is equal to thej j
Ž .common value of the terms in equality 7.66 . In this case, D is said to be

Jordan measurable. �

ŽThe proofs of the next two theorems can be found in Sagan 1974, Chapter
.11 .

Theorem 7.9.6. A bounded set D;Rn is Jordan measurable if and only
Ž .if its boundary Br D has a Jordan content equal to zero.

Theorem 7.9.7. Let f : D™R, where D;Rn is bounded and Jordan
measurable. If f is bounded and continuous in D except on a set that has a

Ž .Jordan content equal to zero, then H f x dx exists.D

Ž .It follows from Theorems 7.9.6 and 7.9.7 that the integral in equality 7.75
Ž . Ž .must exist even though g x may not be continuous on the boundary Br D

Ž .of D, since Br D has a Jordan content equal to zero.

Ž .EXAMPLE 7.9.1. Let f x , x sx x and D be the region1 2 1 2

� 2 2Ds x , x x qx F1, x G0, x G0 .Ž .� 41 2 1 2 1 2

It is easy to see that D is contained inside the two-dimensional cell

�c 0, 1 s x , x 0Fx F1, 0Fx F1 .� 4Ž . Ž .2 1 2 1 2

Then

2 1r21 Ž .1yx 1x x dx dx s x x dx dx .HH H H1 2 1 2 1 2 2 1
D 0 0
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w x Ž .We note that for a fixed x in 0, 1 , the part of the line through x , 0 that1 1
lies inside D and is parallel to the x -axis is in fact the interval 0Fx F2 2
Ž 2 .1r2 Ž 2 .1r21yx . For this reason, the limits of x are 0 and 1yx . Conse-1 2 1
quently,

2 1r2 2 1r21 1Ž . Ž .1yx 1yx1 1x x dx dx s x x dx dxH H H H1 2 2 1 1 2 2 1
0 0 0 0

11 2s x 1yx dxŽ .H 1 1 12
0

1s .8

Ž .In practice, it is not always necessary to make reference to c a, b thatn
encloses D in order to evaluate the integral on D. Rather, we only need to
recognize that the limits of integration in the iterated Riemann integral
depend in general on variables that have not yet been integrated out, as was
seen in Example 7.9.1. Care should therefore be exercised in correctly
identifying the limits of integration. By changing the order of integration
Ž .according to Fubini’s theorem , it is possible to facilitate the evaluation of
the integral.

EXAMPLE 7.9.2. Consider H H e x 2
2 dx dx , where D is the region in theD 1 2

first quadrant bounded by x s1 and x sx . In this example, it is easier to2 1 2
integrate first with respect to x and then with respect to x . Thus1 2

x1 22 2x x2 2e dx dx s e dx dxHH H H1 2 1 2
D 0 0

1 2x 2s x e dxH 2 2
0

1s ey1 .Ž .2

Ž 2 3.EXAMPLE 7.9.3. Consider the integral H H x qx dx dx , where D is aD 1 2 1 2
region in the first quadrant bounded by x sx 2 and x sx 4. Hence,2 1 1 2

1 x' 22 3 2 3x qx dx dx s x qx dx dxŽ . Ž .HH H H1 2 1 2 1 2 1 2
4D 0 x2

1 1 3r2 12 4 3s x yx q x yx x dx'Ž .H ž /2 2 2 2 2 23
0

959s .4680

7.9.4. Change of Variables in n-Tuple Riemann Integrals

In this section we give an extension of the change of variables formula in
Section 6.4.1 to n-tuple Riemann integrals.
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Theorem 7.9.8. Suppose that D is a closed and bounded set in Rn. Let
f : D™R be continuous. Suppose that h: D™Rn is a one-to-one function
with continuous first-order partial derivatives such that the Jacobian determi-
nant,


 h , h , . . . , hŽ .1 2 n
det J x s ,Ž .h 
 x , x , . . . , xŽ .1 2 n

Ž .is different from zero for all x in D, where xs x , x , . . . , x � and h is the1 2 n i
Ž .ith element of h is1, 2, . . . , n . Then

f x dxs f g u det J u du, 7.67Ž . Ž . Ž . Ž .H H g
D D�

Ž . Ž .where D�sh D , ush x , g is the inverse function of h, and


 g , g , . . . , gŽ .1 2 n
det J u s , 7.68Ž . Ž .g 
 u , u , . . . , uŽ .1 2 n

Ž .where g and u are, respectively, the ith elements of g and u is1, 2, . . . , n .i i

Ž .Proof. See, for example, Corwin and Szczarba 1982, Theorem 6.2 , or
Ž .Sagan 1974, Theorem 115.1 . �

EXAMPLE 7.9.4. Consider the integral H H x x 2 dx dx , where D isD 1 2 1 2
bounded by the four parabolas, x 2sx , x 2s3 x , x 2sx , x 2s4 x . Let u s2 1 2 1 1 2 1 2 1
x 2rx , u sx 2rx . The inverse transformation is given by2 1 2 1 2

1r3 1r32 2x s u u , x s u u .Ž . Ž .1 1 2 2 1 2

Ž .From formula 7.68 we have


 g , g 
 x , x 1Ž . Ž .1 2 1 2
s sy .


 u , u 
 u , u 3Ž . Ž .1 2 1 2

Ž .By applying formula 7.67 we obtain

12 5r3 4r3x x dx dx s u u du du ,HH HH1 2 1 2 1 2 1 23
D D�

where D� is a rectangular region in the u u space bounded by the lines1 2
u s1, 3; u s1, 4. Hence,1 2

3 412 5r3 4r3x x dx dx s u du u duHH H H1 2 1 2 1 1 2 23
D 1 1

3 8r3 7r3s 3 y1 4 y1 .Ž . Ž .56
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7.10. DIFFERENTIATION UNDER THE INTEGRAL SIGN

Ž . nSuppose that f x , x , . . . , x is a real-valued function defined on D;R . If1 2 n
Ž .some of the x ’s, for example, x , x , . . . , x n�m , are integrated out,i mq1 mq2 n

we obtain a function that depends only on the remaining variables. In this
section we discuss conditions under which the latter function is differen-
tiable. For simplicity, we shall only consider functions of ns2 variables.

Theorem 7.10.1. Let f : D™R, where D;R2 contains the two-dimen-
Ž . �Ž . � 4sional cell c a, b s x , x a Fx Fb , a Fx Fb . Suppose that f is2 1 2 1 1 1 2 2 2

continuous and has a continuous first-order partial derivative with respect to
x in D. Then, for a �x �b ,2 2 2 2

d 
 f x , xŽ .b b 1 21 1f x , x dx s dx . 7.69Ž . Ž .H H1 2 1 1dx 
 xa a2 21 1

Ž . w xProof. Let h x be defined on a , b as2 2 2


 f x , xŽ .b 1 21h x s dx , a Fx Fb .Ž . H2 1 2 2 2
 xa 21

Ž .Since 
 fr
 x is continuous, then by Lemma 7.9.2, h x is continuous on2 2
w x Ž .a , b . Now, let t be such that a � t�b . By integrating h x over the2 2 2 2 2

w xinterval a , t we obtain2


 f x , xŽ .t t b 1 21h x dx s dx dx . 7.70Ž . Ž .H H H2 2 1 2
 xa a a 22 2 1

Ž .The order of integration in 7.70 can be reversed by Theorem 7.9.4. We than
have


 f x , xŽ .t b t 1 21h x dx s dx dxŽ .H H H2 2 2 1
 xa a a 22 1 2

b1s f x , t y f x , a dxŽ . Ž .H 1 1 2 1
a1

b b1 1s f x , t dx y f x , a dxŽ . Ž .H H1 1 1 2 1
a a1 1

sF t yF a , 7.71Ž . Ž . Ž .2
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Ž . b1 Ž .where F y sH f x , y dx . If we now apply Theorem 6.4.8 and differenti-a 1 11
Ž . Ž . Ž .ate the two sides of 7.71 with respect to t we obtain h t sF� t , that is,


 f x , t dŽ .b b11 1dx s f x , t dx . 7.72Ž . Ž .H H1 1 1
 t dta a1 1

Ž . Ž .Formula 7.69 now follows from formula 7.72 on replacing t with x . �2

Theorem 7.10.2. Let f and D be the same as in Theorem 7.10.1.
Ž . Ž .Furthermore, let 	 x and � x be functions defined and having continu-2 2
w x Ž . Ž .ous derivatives on a , b such that a F	 x F� x Fb for all x in2 2 1 2 2 1 2

w x w xa , b . Then the function G: a , b ™R defined by2 2 2 2

Ž .� x2G x s f x , x dxŽ . Ž .H2 1 2 1
Ž .	 x2

is differentiable for a �x �b , and2 2 2

dG 
 f x , xŽ .Ž .� x 1 22s dx q� � x f � x , x y	� x f 	 x , x .Ž . Ž . Ž . Ž .H 1 2 2 2 2 2 2dx 
 xŽ .	 x2 22

Ž . Ž .Proof. Let us write G x as H 	, � , x . Since both of 	 and � depend on2 2
w Ž .xx , then by applying the total derivative formula see formula 7.12 to H we2

obtain

dH 
 H d	 
 H d� 
 H
s q q . 7.73Ž .

dx 
	 dx 
� dx 
 x2 2 2 2

Now, by Theorem 6.4.8,


 H 
 �
s f x , x dx s f � , x ,Ž . Ž .H 1 2 1 2
� 
� 	


 H 
 �
s f x , x dxŽ .H 1 2 1
	 
	 	


 	
sy f x , x dx syf 	, x .Ž . Ž .H 1 2 1 2
	 �

Furthermore, by Theorem 7.10.1,


 H 
 
 f x , xŽ .� � 1 2
s f x , x dx s dx .Ž .H H1 2 1 1
 x 
 x 
 x	 	2 2 2
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Ž .By making the proper substitution in formula 7.73 we finally conclude that

d 
 f x , xŽ .Ž . Ž .� x � x 1 22 2f x , x dx s dx q� � x f � x , xŽ . Ž . Ž .H H1 2 1 1 2 2 2dx 
 xŽ . Ž .	 x 	 x2 22 2

y	� x f 	 x , x . �Ž . Ž .2 2 2

EXAMPLE 7.10.1.

cos x cos xd 2 22 yx yx1 1x x y1 e dx s 2 x x e dxŽ .H H1 2 1 1 2 1
2 2dx x x2 2 2

ysin x x 2 cos x y1 eycos x 2Ž .2 2 2

y2 x x 4y1 eyx 2
2 .Ž .2 2

Theorems 7.10.1 and 7.10.2 can be used to evaluate certain integrals of the
b Ž .form H f x dx. For example, consider the integrala

�
2Is x cos x dx.H

0

Define the function

�

F x s cos x x dx ,Ž . Ž .H2 1 2 1
0

where x G1. Then2

x s�11 1
F x s sin x x s sin � x .Ž . Ž . Ž .2 1 2 2x x2 2x s01

Ž .If we now differentiate F x two times, we obtain2

2 sin � x y2� x cos � x y� 2 x 2 sin � xŽ . Ž . Ž .2 2 2 2 2
F� x s .Ž .2 3x2

Thus

�
2 22� x cos � x q� x sin � x y2 sin � xŽ . Ž . Ž .2 2 2 2 22x cos x x dx s .Ž .H 1 1 2 1 3x0 2



MULTIDIMENSIONAL CALCULUS304

By replacing x with 1 we obtain2

�
2Is x cos x dx sy2� .H 1 1 1

0

7.11. APPLICATIONS IN STATISTICS

Multidimensional calculus provides a theoretical framework for the study of
multivariate distributions, that is, joint distributions of several random vari-
ables. It can also be used to estimate the parameters of a statistical model.
We now provide details of some of these applications.

Ž .Let Xs X , X , . . . , X � be a random vector. The distribution of X is1 2 n
characterized by its cumulative distribution function, namely,

F x sP X Fx , X Fx , . . . , X Fx , 7.74Ž . Ž . Ž .1 1 2 2 n n

Ž . Ž .where xs x , x , . . . , x �. If F x is continuous and has an nth-order mixed1 2 n
partial derivative with respect to x , x , . . . , x , then the function1 2 n


 nF xŽ .
f x s ,Ž .


 x 
 x ��� 
 x1 2 n

Ž .is called the density function of X. In this case, formula 7.74 can be written
in the form

x x x1 2 n
F x s ��� f z dz.Ž . Ž .H H H

y� y� y�

Ž . Ž .where zs z , z , . . . , z �. If the random variable X is1, 2, . . . , n is con-1 2 n i
sidered separately, then its distribution function is called the ith marginal

Ž .distribution of X. Its density function f x , called the ith marginal densityi i
function, can be obtained by integrating out the remaining ny1 variables

Ž . Ž .from f x . For example, if Xs X , X �, then the marginal density function1 2
of X is1

�

f x s f x , x dx .Ž . Ž .H1 1 1 2 2
y�

Similarly, the marginal density function of X is2

�

f x s f x , x dx .Ž . Ž .H2 2 1 2 1
y�
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In particular, if X , X , . . . , X are independent random variables, then the1 2 n
Ž .density function of Xs X , X , . . . , X � is the product of all the associated1 2 n

Ž . n Ž .marginal density functions, that is, f x sŁ f x .is1 i i
Ž .If only ny2 variables are integrated out from f x , we obtain the

so-called bivariate density function of the remaining two variables. For
Ž .example, if Xs X , X , X , X �, the bivariate density function of x and1 2 3 4 1

x is2

� �

f x , x s f x , x , x , x dx dx .Ž . Ž .H H12 1 2 1 2 3 4 3 4
y� y�

Ž . Ž .Now, the mean of Xs X , X , . . . , X � is 
s � , � , . . . , � �, where1 2 n 1 2 n

�

� s x f x dx , is1, 2, . . . , n.Ž .Hi i i i i
y�

Ž .The variance�covariance matrix of X is the n�n matrix �s � , wherei j

� �

� s x y� x y� f x , x dx dx ,Ž . Ž . Ž .H Hi j i i j j i j i j i j
y� y�

Ž .where � and � are the means of X and X , respectively, and f x , x isi j i j i j i j
the bivariate density function of X and X , i� j. If is j, then � is thei j i i
variance of X , wherei

� 2
� s x y� f x dx , is1, 2, . . . , n.Ž . Ž .Hi i i i i i i

y�

7.11.1. Transformations of Random Vectors

Ž .In this section we consider a multivariate extension of formula 6.73 regard-
ing the density function of a function of a single random variable. This is
given in the next theorem.

Theorem 7.11.1. Let X be a random vector with a continuous density
Ž . n nfunction f x . Let g: D™R , where D is an open subset of R such that

Ž .P XgD s1. Suppose that g satisfies the conditions of the inverse function
Ž .theorem Theorem 7.6.1 , namely the following:

i. g has continuous first-order partial derivatives in D.
Ž .ii. The Jacobian matrix J x is nonsingular in D, that is,g


 g , g , . . . , gŽ .1 2 n
det J x s �0Ž .g 
 x , x , . . . , xŽ .1 2 n

Ž .for all xgD, where g is the ith element of g is1, 2, . . . , n .i
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Ž .Then the density function of Ysg X is given by

y1
y1h y s f g y det J y ,Ž . Ž . Ž .g

where gy1 is the inverse function of g.

Proof. By Theorem 7.6.1, the inverse function of g exists. Let us therefore
y1Ž .write Xsg Y . Now, the cumulative distribution function of Y is

H y sP g X Fy , g X Fy , . . . , g X FyŽ . Ž . Ž . Ž .1 1 2 2 n n

s f x dx, 7.75Ž . Ž .H
An

� � Ž . 4where A s xgD g x Fy , is1, 2, . . . , n . If we make the change of vari-n i i
Ž . Ž . y1Ž .able wsg x in formula 7.75 , then, by applying Theorem 7.9.8 with g w

Ž .used instead of g u , we obtain

y1
y1f x dxs f g w det J w dw,Ž . Ž . Ž .H H g

A Bn n

Ž . � Ž . � Ž . 4where B sg A s g x g x Fy , is1, 2, . . . , n . Thusn n i i

y y y1 2 n y1
y1H y s ��� f g w det J w dw.Ž . Ž . Ž .H H H g

y� y� y�

It follows that the density function of Y is

y1 y1 y1
 g , g , . . . , gŽ .1 2 ny1h y s f g y , 7.76Ž . Ž . Ž .

 y , y , . . . , yŽ .1 2 n

y1 y1 Ž .where g is the ith element of g is1, 2, . . . , n . �i

Ž .EXAMPLE 7.11.1. Let Xs X , X �, where X and X are independent1 2 1 2
random variables that have the standard normal distribution. Here, the
density function of X is the product of the density functions of X and X .1 2
Thus

1 1
2 2f x s exp y x qx , y��x , x ��.Ž . Ž .1 2 1 22� 2

Ž .Let Ys Y , Y � be defined as1 2

Y sX qX ,1 1 2

Y sX y2 X .2 1 2
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2 Ž . Ž .In this case, the set D in Theorem 7.11.1 is R , g x sx qx , g x sx y1 1 2 2 1
1 1y1 y1Ž . Ž . Ž . Ž .2 x , g y sx s 2 y qy , g y sx s y yy , and2 1 1 1 2 2 2 1 23 3

2 1y1 y1
 g , g 1Ž .1 2 3 3
sdet sy .1 1
 y , y 3yŽ .1 2 3 3

Ž .Hence, by formula 7.76 , the density function of y is

2 21 1 2 y qy 1 y yy 11 2 1 2
h y s exp y y �Ž . ž /ž /2� 2 3 2 3 3

1 1
2 2s exp y 5 y q2 y y q2 y , y��y , y ��.Ž .1 1 2 2 1 26� 18

EXAMPLE 7.11.2. Suppose that it is desired to determine the density
function of the random variable VsX qX , where X G0, X G0, and1 2 1 2

Ž . Ž .Xs X , X � has a continuous density function f x , x . This can be1 2 1 2
accomplished in two ways:

Ž . Ž .i. Let Q ® denote the cumulative distribution function of V and let q ®
be its density function. Then

Q ® sP X qX F®Ž . Ž .1 2

s f x , x dx dx ,Ž .HH 1 2 1 2
A

�Ž . � 4 Ž .where As x , x x G0, x G0, x qx F® . We can write Q ® as1 2 1 2 1 2

® ®yx2
Q ® s f x , x dx dx .Ž . Ž .H H 1 2 1 2

0 0

If we now apply Theorem 7.10.2, we obtain

® ®yxdQ 
 2
q ® s s f x , x dx dxŽ . Ž .H H 1 2 1 2d® 
 ®0 0

®
s f ®yx , x dx . 7.77Ž . Ž .H 2 2 2

0

ii. Consider the following transformation:

Y sX qX ,1 1 2

Y sX .2 2
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Then

X sY yY ,1 1 2

X sY .2 2

Ž .By Theorem 7.11.1, the density function of Ys Y , Y � is1 2


 x , xŽ .1 2
h y , y s f y yy , yŽ . Ž .1 2 1 2 2 
 y , yŽ .1 2

1 y1s f y yy , y detŽ .1 2 2 0 1

s f y yy , y , y Gy G0.Ž .1 2 2 1 2

By integrating y out we obtain the marginal density function of2
Y sV, namely,1

® ®
q ® s f y yy , y dy s f ®yx , x dx .Ž . Ž . Ž .H H1 2 2 2 2 2 2

0 0

Ž .This is identical to the density function given in formula 7.77 .

7.11.2. Maximum Likelihood Estimation

Let X , X , . . . , X be a sample of size n from a population whose distribu-1 2 n
tion depends on a set of p parameters, namely � , � , . . . , � . We can regard1 2 p

Ž .this sample as forming a random vector Xs X , X , . . . , X �. Suppose that1 2 n
Ž . Ž .X has the density function f x, � , where xs x , x , . . . , x � and �s1 2 n

Ž .� , � , . . . , � �. This density function is usually referred to as the likelihood1 2 p
Ž .function of X; we denote it by L x, � .

ˆFor a given sample, the maximum likelihood estimate of �, denoted by �,
Ž . Ž .is the value of � that maximizes L x, � . If L x, � has partial derivatives with

ˆrespect to � , � , . . . , � , then � is often obtained by solving the equations1 2 p

ˆ
 L x, �Ž .
s0, is1, 2, . . . , p.


� i

In most situations, it is more convenient to work with the natural logarithm
Ž . Ž .of L x, � ; its maxima are attained at the same points as those of L x, � .
ˆThus � satisfies the equation

ˆ
 log L x, �Ž .
s0, is1, 2, . . . , p. 7.78Ž .


� i

Ž .Equations 7.78 are known as the likelihood equations.
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EXAMPLE 7.11.3. Suppose that X , X , . . . , X form a sample of size n1 2 n
from a normal distribution with an unknown mean � and a variance � 2.

Ž 2 .Here, �s �, � �, and the likelihood function is given by

n1 1 2L x, � s exp y x y� ,Ž . Ž .Ý inr2 22 2�2��Ž . is1

Ž . Ž .Let L* x, � s log L x, � . Then

n1 n2 2L* x, � sy x y� y log 2�� .Ž . Ž . Ž .Ý i2 22� is1

Ž .The likelihood equations in formula 7.78 are of the form

n
 L* 1
s x y� s0 7.79Ž .Ž .ˆÝ i2
� � is1

n
 L* 1 n2
s x y� y s0. 7.80Ž .Ž .ˆÝ i2 4 2
� 2� 2�ˆ ˆis1

Ž . Ž .Equations 7.79 and 7.80 can be written as

n xy� s0, 7.81Ž .Ž .ˆ
n

2 2x y� yn� s0, 7.82Ž .Ž .ˆ ˆÝ i
is1

nŽ . Ž . Ž .where xs 1rn Ý x . If nG2, then equations 7.81 and 7.82 have theis1 i
solution

�sx ,ˆ
n1 22� s x yx .Ž .ˆ Ý in is1

These are the maximum likelihood estimates of � and � 2, respectively.
It can be verified that � and � 2 are indeed the values of � and � 2 thatˆ ˆ

Ž .maximize L* x, � . To show this, let us consider the Hessian matrix A of
Ž .second-order partial derivatives of L* see formula 7.34 ,

2 2
 L* 
 L*
2 2
� 
� 
�

As .
2 2
 L* 
 L*

2 4
� 
� 
�
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Hence, for �s� and � 2s� 2,ˆ ˆ


 2L* n
sy ,2 2
� �̂

2 n
 L* 1
sy x y� s0,Ž .ˆÝ i2 4
� 
� �̂ is1


 2L* n
sy .4 4
� 2 �̂

2 2 Ž . 2 6Thus 
 L*r
� �0 and det A sn r2� �0. Therefore, by Corollary 7.7.1,ˆ
Ž 2 .�, � is a point of local maximum of L*. Since it is the only maximum, itˆ ˆ
must also be the absolute maximum.

Maximum likelihood estimators have interesting asymptotic properties.
For more information on these properties, see, for example, Bickel and

Ž .Doksum 1977, Section 4.4 .

7.11.3. Comparison of Two Unbiased Estimators

Let X and X be two unbiased estimators of a parameter �. Suppose that1 2
Ž . Ž .Xs X , X � has the density function f x , x , y��x , x ��. To com-1 2 1 2 1 2

pare these estimators, we may consider the probability that one estimator, for
example, X , is closer to � than the other, X , that is,1 2

� � � �psP X y� � X y� .1 2

This probability can be expressed as

ps f x , x dx dx , 7.83Ž . Ž .HH 1 2 1 2
D

�Ž . � � � � � 4where Ds x , x x y� � x y� . Let us now make the following1 2 1 2
change of variables using polar coordinates:

x y�s r cos � , x y�s r sin � .1 2

Ž . Ž .By applying formula 7.67 , the integral in 7.83 can be written as


 x , xŽ .1 2
ps g r , � dr d�Ž .˜HH


 r , �Ž .D�

s g r , � r dr d� ,Ž .˜HH
D�
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Ž . Ž .where g r, � s f �q r cos � , �q r sin � and˜

� 3� 5� 7�
�D� r , � 0F r��, F�F , F�F .Ž .½ 54 4 4 4

In particular, if X has the bivariate normal density, then

1
f x , x sŽ .1 2 1r222�� � 1y�Ž .1 2

21 x y� 2 � x y� x y�Ž . Ž . Ž .1 1 2
�exp y y22½ � ��2 1y�Ž . 1 21

2x y�Ž .2
q , y��x , x ��,1 22 5�2

and

1
g r , � sŽ .˜ 1r222�� � 1y�Ž .1 2

2 2 2r cos � 2 � cos � sin � sin �
�exp y y q ,2 22½ 5� �� �2 1y�Ž . 1 21 2

where � 2 and � 2 are the variances of X and X , respectively, and � is1 2 1 2
their correlation coefficient. In this case,

�3�r4
ps2 g r , � r dr d� .Ž .˜H H

�r4 0

Ž .It can be shown see Lowerre, 1983 that

1r221 2� � 1y�Ž .1 2
ps1y Arctan 7.84Ž .2 2� � y�2 1

if � �� . A large value of p indicates that X is closer to � than X , which2 1 1 2
means that X is a better estimator of � than X .1 2

7.11.4. Best Linear Unbiased Estimation

Let X , X , . . . , X be independent and identically distributed random vari-1 2 n
ables with a common mean � and a common variance � 2. An estimator of
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ˆ nthe form �sÝ a X , where the a ’s are constants, is said to be a linearis1 i i i
ˆ nŽ .estimator of �. This estimator is unbiased if E � s�, that is, if Ý a s1,is1 i

ˆŽ .since E X s� for is1, 2, . . . , n. The variance of � is given byi

n
2 2ˆVar � s� a .Ž . Ý i

is1

ˆ ˆThe smaller the variance of �, the more efficient � is as an estimator of �.
ˆŽ .In particular, if a , a , . . . , a are chosen so that Var � attains a minimum1 2 n

ˆvalue, then � will have the smallest variance among all unbiased linear
ˆestimators of �. In this case, � is called the best linear unbiased estimator

Ž .BLUE of �.
Thus to find the BLUE of � we need to minimize the function fsÝn a2

is1 i
subject to the constraint Ýn a s1. This minimization problem can be solvedis1 i

wusing the method of Lagrange multipliers. Let us therefore write F see
Ž .xformula 7.41 as

n n
2Fs a q	 a y1 ,Ý Ýi iž /

is1 is1


 F
s2 a q	s0, is1, 2, . . . , n.i
 ai

Ž . nHence, a sy	r2 is1, 2, . . . , n . Using the constraint Ý a s1, we con-i is1 i
clude that 	sy2rn. Thus a s1rn, is1, 2, . . . , n. To verify that thisi
solution minimizes f , we need to consider the signs of � , � , . . . , � ,1 2 ny1

Ž . Ž .where � is the determinant of B see Section 7.8 . Here, B is an nq1 �i i 1
Ž .nq1 matrix of the form

2I 1n n
B s .�1 1 0n

It follows that

n2 n

� sdet B sy �0,Ž .1 1 2

ny1 2 ny1Ž .
� sy �0,2 2

...

� sy22 �0.ny1

Since the number of constraints, ms1, is odd, then by the sufficient
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conditions described in Section 7.8 we must have a local minimum when
a s1rn, is1, 2, . . . , n. Since this is the only local minimum in Rn, it must bei

ˆthe absolute minimum. Note that for such values of a , a , . . . , a , � is the1 2 n
Žsample mean X . We conclude that the sample mean is the most efficient inn

.terms of variance unbiased linear estimator of �.

7.11.5. Optimal Choice of Sample Sizes in Stratified Sampling

In stratified sampling, a finite population of N units is divided into r
subpopulations, called strata, of sizes N , N , . . . , N . From each stratum a1 2 r
random sample is drawn, and the drawn samples are obtained independently
in the different strata. Let n be the size of the sample drawn from the ithi

Ž .stratum is1, 2, . . . , r . Let y denote the response value obtained from thei j
Ž .jth unit within the ith stratum is1, 2, . . . , r ; js1, 2, . . . , n . The populationi

mean Y is

Nr ri1 1
Ys y s N Y ,Ý Ý Ýi j i iN Nis1 js1 is1

Ž .where Y is the true mean for the ith stratum is1, 2, . . . , r . A stratifiedi
Ž .estimate of Y is y st for stratified , wherest

r1
y s N y ,Ýst i iN is1

niŽ .in which y s 1rn Ý y is the mean of the sample from the ith stratumi i js1 i j
Ž .is1, 2, . . . , r . If, in every stratum, y is unbiased for Y , then y is ani i st
unbiased estimator of Y. The variance of y isst

r1
2Var y s N Var y .Ž . Ž .Ýst i i2N is1

Since y is the mean of a random sample from a finite population, then itsi
Ž .variance is given by see Cochran, 1963, page 22

S2
i

Var y s 1y f , is1, 2, . . . , r ,Ž .Ž .i ini

where f sn rN , andi i i

Ni1 2
2S s y yY .Ý ž /i i j iN y1i js1
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Hence,

r 1
2 2Var y s L S 1y f ,Ž .Ž . Ýst i i iniis1

Ž .where L sNrN is1, 2, . . . , r .i i
The sample sizes n , n , . . . , n can be chosen by the sampler in an optimal1 2 r

Ž .way, the optimality criterion being the minimization of Var y for a speci-st
fied cost of taking the samples. Here, the cost is defined by the formula

r

costsc q c n ,Ý0 i i
is1

Ž .where c is the cost per unit in the ith stratum is1, 2, . . . , r and c is thei 0
overhead cost. Thus the optimal choice of the sample sizes is reduced to

r Ž . 2 2Ž .finding the values of n , n , . . . , n that minimize Ý 1rn L S 1y f1 2 r is1 i i i i
subject to the constraint

r

c n sdyc , 7.85Ž .Ý i i 0
is1

where d is a constant. Using the method of Lagrange multipliers, we write

r r1
2 2Fs L S 1y f q	 c n qc ydŽ .Ý Ýi i i i i 0ž /niis1 is1

r r r1 1
2 2 2 2s L S y L S q	 c n qc yd .Ý Ý Ýi i i i i i 0ž /n Ni iis1 is1 is1

Ž .Differentiating with respect to n is1, 2, . . . , r , we obtaini


 F 1
2 2sy L S q	c s0, is1, 2, . . . , r ,i i i2
 n ni i

Thus

y1r2n s 	c L S , is1, 2, . . . , r .Ž .i i i i

Ž .By substituting n in the equality constraint 7.85 we geti

rÝ c L S'is1 i i i'	 s .
dyc0
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Therefore,

dyc N SŽ .0 i i
n s , is1, 2, . . . , r . 7.86Ž .i rc Ý c N S' 'i js1 j j j

Ž .It is easy to verify using the sufficient conditions in Section 7.8 that the
Ž . Ž .values of n , n , . . . , n given by equation 7.86 minimize Var y under the1 2 r st

Ž . Ž .constraint of equality 7.85 . We conclude that Var y is minimized when nst i
Ž . Ž .is proportional to 1r c N S is1, 2, . . . , r . Consequently, n must be' i i i i

large if the corresponding stratum is large, if the cost of sampling per unit in
that stratum is low, or if the variability within the stratum is large.
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EXERCISES

In Mathematics

Ž . 27.1. Let f x , x be a function defined on R as1 2

� � � �° x x1 1
exp y , x �0,22 2~ ž /x xf x , x sŽ . 2 21 2 ¢0, x s0.2

( ) Ž . Ž .a Show that f x , x has a limit equal to zero as xs x , x �™01 2 1 2
along any straight line through the origin.

( ) Ž .b Show that f x , x does not have a limit as x™0.1 2

7.2. Prove Lemma 7.3.1.

7.3. Prove Lemma 7.3.2.

7.4. Prove Lemma 7.3.3.

7.5. Consider the function

x x1 2° , x , x � 0, 0 ,Ž . Ž .1 22 2~ x qx1 2f x , x sŽ .1 2 ¢0, x , x s 0, 0 .Ž . Ž .1 2

( ) Ž .a Show that f x , x is not continuous at the origin.1 2
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( ) Ž .b Show that the partial derivatives of f x , x with respect to x and1 2 1
x exist at the origin.2

wNote: This exercise shows that a multivariable function does not have
to be continuous at a point in order for its partial derivatives to exist at

xthat point.

Ž .7.6. The function f x , x , . . . , x is said to be homogeneous of degree n in1 2 k
x , x , . . . , x if for any nonzero scalar t,1 2 k

f tx , tx , . . . , tx s t n f x , x , . . . , xŽ . Ž .1 2 k 1 2 k

Ž .for all xs x , x , . . . , x � in the domain of f. Show that if1 2 k
Ž .f x , x , . . . , x is homogeneous of degree n, then1 2 k

k 
 f
x snfÝ i 
 xiis1

wNote: This result is known as Euler’s theorem for homogeneous
xfunctions.

7.7. Consider the function

° 2x x1 2
, x , x � 0, 0 ,Ž . Ž .1 24 2~ x qxf x , x sŽ . 1 21 2 ¢0, x , x s 0, 0 .Ž . Ž .1 2

( )a Is f continuous at the origin? Why or why not?
( )b Show that f has a directional derivative in every direction at the

origin.

Ž .7.8. Let S be a surface defined by the equation f x sc , where xs0
Ž .x , x , . . . , x � and c is a constant. Let C denote a curve on S given1 2 k 0

Ž . Ž . Ž .by the equations x s g t , x s g t , . . . , x s g t , where1 1 2 2 k k
g , g , . . . , g are differentiable functions. Let s be the arc length of C1 2 k
measured from some fixed point in such a way that s increases with t.
The curve can then be parameterized, using s instead of t, in the form

Ž . Ž . Ž .x sh s , x sh s , . . . , x sh s . Suppose that f has partial deriva-1 1 2 2 k k
tives with respect to x , x , . . . , x .1 2 k

Show that the directional derivative of f at a point x on C in the
Ždirection of v, where v is a unit tangent vector to C at x in the

.direction of increasing s , is equal to dfrds.

7.9. Use Taylor’s expansion in a neighborhood of the origin to obtain a
second-order approximation for each of the following functions:
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( ) Ž . Ž .a f x , x sexp x sin x .1 2 2 1

( ) Ž . Ž x1 2 3.b f x , x , x ssin e qx qx .1 2 3 2 3

( ) Ž . Ž .c f x , x scos x x .1 2 1 2

Ž . Ž .7.10. Suppose that f x , x and g x , x are continuously differentiable1 2 1 2
Ž .functions in a neighborhood of a point x s x , x �. Consider the0 10 20

Ž .equation u s f x , x . Suppose that 
 fr
 x �0 at x .1 1 2 1 0

( )a Show that


 x 
 f 
 f1
sy


 x 
 x 
 x2 2 1

in a neighborhood of x .0

( )b Suppose that in a neighborhood of x ,0


 f , gŽ .
s0.


 x , xŽ .1 2

Show that


 g 
 x 
 g1
q s0,


 x 
 x 
 x1 2 2

that is, g is actually independent of x in a neighborhood of x .2 0

( ) Ž .c Deduce from b that there exists a function � : D™R, where
Ž .D;R is a neighborhood of f x , such that0

g x , x s� f x , xŽ . Ž .1 2 1 2

throughout a neighborhood of x . In this case, the functions f and0
g are said to be functionally dependent.

( )d Show that if f and g are functionally dependent, then


 f , gŽ .
s0.


 x , xŽ .1 2

w Ž . Ž . Ž .Note: From b , c , and d we conclude that f and g are functionally
2 Ž . Ž . xdependent on a set �;R if and only if 
 f , g r
 x , x s0 in �.1 2

7.11. Consider the equation


 u 
 u 
 u
x qx qx snu.1 2 3
 x 
 x 
 x1 2 3
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Let 
 sx rx , 
 sx rx , 
 sx . Use this change of variables to show1 1 3 2 2 3 3 3
that the equation can be written as


 u

 snu.3 

 3

Deduce that u is of the form

x x1 2nusx F , .3 ž /x x3 3

7.12. Let u and u be defined as1 2

1r2 1r22 2u sx 1yx qx 1yx ,Ž . Ž .1 1 2 2 1

1r2 1r22 2u s 1yx 1yx yx x .Ž . Ž .2 1 2 1 2

Show that u and u are functionally dependent.1 2

7.13. Let f: R3™R3 be defined as

us f x , xs x , x , x �, us u , u , u �,Ž . Ž . Ž .1 2 3 1 2 3

where u sx 3, u sx 3, u sx 3.1 1 2 2 3 3

( )a Show that the Jacobian matrix of f is not nonsingular in any subset
D;R3 that contains points on ay of the coordinate planes.

( ) 3b Show that f has a unique inverse everywhere in R including any
Ž .subset D of the type described in a .

wNote: This exercise shows that the nonvanishing of the Jacobian
Ž .determinant in Theorem 7.6.1 inverse function theorem is a sufficient

xcondition for the existence of an inverse function, but is not necessary.

7.14. Consider the equations

g x , x , y , y s0,Ž .1 1 2 1 2

g x , x , y , y s0,Ž .2 1 2 1 2

where g and g are differentiable functions defined on a set D;R4.1 2
Ž . Ž .Suppose that 
 g , g r
 x , x �0 in D. Show that1 2 1 2


 x 
 g , g 
 g , gŽ . Ž .1 1 2 1 2
sy ,


 y 
 y , x 
 x , xŽ . Ž .1 1 2 1 2


 x 
 g , g 
 g , gŽ . Ž .2 1 2 1 2
sy .


 y 
 x , y 
 x , xŽ . Ž .1 1 1 1 2
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Ž . Ž .7.15. Let f x , x , x s0, g x , x , x s0, where f and g are differentiable1 2 3 1 2 3
functions defined on a set D;R3. Suppose that


 f , g 
 f , g 
 f , gŽ . Ž . Ž .
�0, �0, �0


 x , x 
 x , x 
 x , xŽ . Ž . Ž .2 3 3 1 1 2

in D. Show that

dx dx dx1 2 3
s s .


 f , g r
 x , x 
 f , g r
 x , x 
 f , g r
 x , xŽ . Ž . Ž . Ž . Ž . Ž .2 3 3 1 1 2

7.16. Determine the stationary points of the following functions and check
for local minima and maxima:
( ) 2 2a fsx qx qx qx qx x .1 2 1 2 1 2

( ) 2 2b fs2� x yx x qx qx yx q1, where � is a scalar. Can � be1 1 2 2 1 2
Ž .chosen so that the stationary point is i a point of local minimum;

Ž . Ž .ii a point of local maximum; iii a saddle point?
( ) 3 2c fsx y6 x x q3 x y24 x q4.1 1 2 2 1

( ) 4 4 Ž .2d fsx qx y2 x yx .1 2 1 2

7.17. Consider the function

1qpqÝm pis1 i
fs ,1r22 m 21qp qÝ pŽ .is1 i

which is defined on the region

�Cs p , p , . . . , p 0�pFp F1, is1, 2, . . . , m ,� 4Ž .1 2 m i

where p is a known constant. Show that
( )a 
 fr
 p , for is1, 2, . . . , m, vanish at exactly one point in C.i

( ) Ž .b The gradient vector �fs 
 fr
 p , 
 fr
 p , . . . , 
 fr
 p � does not1 2 m
vanish anywhere on the boundary of C.

( )c f attains its absolute maximum in the interior of C at the point
Ž o o o .p , p , . . . , p , where1 2 m

1qp2
op s , is1, 2, . . . , m.i 1qp

wNote: The function f was considered in an article by Thibaudeau and
Ž .Styan 1985 concerning a measure of imbalance for experimental
xdesigns.

Ž 2 .Ž 2 .7.18. Show that the function fs x yx x y2 x does not have a local2 1 2 1
maximum or minimum at the origin, although it has a local minimum
for ts0 along every straight line given by the equations x sat, x sbt,1 2
where a and b are constants.
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7.19. Find the optimal values of the function fsx 2q12 x x q2 x 2 subject1 1 2 2
to 4 x 2qx 2s25. Determine the nature of the optima.1 2

7.20. Find the minimum distance from the origin to the curve of intersection
Ž .of the surfaces, x x qx sy2 and x x s1.3 1 2 1 2

7.21. Apply the method of Lagrange multipliers to show that

1r3 12 2 2 2 2 2x x x F x qx qxŽ . Ž .1 2 3 1 2 33

for all values of x , x , x .1 2 3
w 2 2 2 2 2 2Hint: Find the maximum value of fsx x x subject to x qx qx s1 2 3 1 2 3

2 xc , where c is a constant.

7.22. Prove Theorem 7.9.3.

7.23. Evaluate the following integrals:
( )a H H x x dx dx , where'D 2 1 1 2

� 2 2Ds x , x x �0, x �x , x �2yx .Ž .� 41 2 1 2 1 2 1

2 2 41 1yx' 2( ) w Ž . xb H H x q x dx dx .0 0 1 2 1 23 3

Ž .7.24. Show that if f x , x is continuous, then1 2

22 4 x4 x yx ' 21 1 f x , x dx dx s f x , x dx dx .Ž . Ž .H H H H1 2 2 1 1 2 1 2
20 x 0 2y 4yx'1 2

7.25. Consider the integral

21 1yx 1Is f x , x dx dx .Ž .H H 1 2 2 1
0 1yx 1

( )a Write an equivalent expression for I by reversing the order of
integration.

( ) Ž . 1yx 2
1 Ž .b If g x sH f x , x dx , find dgrdx .1 1yx 1 2 2 11

7.26. Evaluate H H x x dx dx , where D is a region enclosed by the fourD 1 2 1 2
parabolas x 2sx , x 2s2 x , x 2sx , x 2s2 x .2 1 2 1 1 2 1 2
w xHint: Use a proper change of variables.
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Ž 2 2 .7.27. Evaluate H H H x qx dx dx dx , where D is a sphere of radius 1D 1 2 1 2 3
centered at the origin.
wHint: Make a change of variables using spherical polar coordinates of
the form

x s r sin � cos � ,1

x s r sin � sin � ,2

x s r cos � ,3

x0F rF1, 0F�F� , 0F�F2� .

7.28. Find the value of the integral

dx'3Is .H 320 1qxŽ .

'3 2w Ž . xHint: Consider the integral H dxr aqx , where a�0.0

In Statistics

Ž .7.29. Suppose that the random vector Xs X , X � has the density function1 2

x qx , 0�x �1, 0�x �1,1 2 1 2f x , x sŽ .1 2 ½ 0 elsewhere.

( )a Are the random variables X and X independent?1 2

( )b Find the expected value of X X .1 2

Ž . Ž .7.30. Consider the density function f x , x of Xs X , X �, where1 2 1 2

1, yx �x �x , 0�x �1,2 1 2 2f x , x sŽ .1 2 ½ 0 elsewhere.

wShow that X and X are uncorrelated random variables that is,1 2
Ž . Ž . Ž .xE X X sE X E X , but are not independent.1 2 1 2

Ž .7.31. The density function of Xs X , X � is given by1 2

1°
�y1 �y1 yx yx1 2x x e , 0�x , x ��,1 2 1 2~f x , x sŽ . � � � �Ž . Ž .1 2 ¢

0 elsewhere.
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Ž . Ž .where ��0, ��0, and � m is the gamma function � m s
H� eyx x my1 dx, m�0. Suppose that Y and Y are random variables0 1 2
defined as

X1
Y s ,1 X qX1 2

Y sX qX .2 1 2

( )a Find the joint density function of Y and Y .1 2

( )b Find the marginal densities of Y and Y .1 2

( )c Are Y and Y independent?1 2

Ž .7.32. Suppose that Xs X , X � has the density function1 2

10 x x 2 , 0�x �x , 0�x �1,1 2 1 2 2f x , x sŽ .1 2 ½ 0 elsewhere.

Find the density function of WsX X .1 2

Ž 2 2 .1r2 Ž .7.33. Find the density function of Ws X qX given that Xs X , X �1 2 1 2
has the density function

4 x x eyx 2
1yx 2

2 , x �0, x �0,1 2 1 2f x , x sŽ .1 2 ½ 0 elsewhere.

7.34. Let X , X , . . . , X be independent random variables that have the1 2 n
Ž . yxexponential density f x se , x�0. Let Y , Y , . . . , Y be n random1 2 n

variables defined as

Y sX ,1 1

Y sX qX ,2 1 2

...
Y sX qX q ���qX .n 1 2 n

Ž .Find the density of Ys Y , Y , . . . , Y �, and then deduce the marginal1 2 n
density of Y .n

Ž .7.35. Prove formula 7.84 .

7.36. Let X and X be independent random variables such that W s1 2 1
Ž 2 . Ž 2 .6r� X and W s 8r� X have the chi-squared distribution with1 1 2 2 2
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six and eight degrees of freedom, respectively, where � 2 and � 2 are1 2
1 12 2unknown parameters. Let �s � q � . An unbiased estimator of �1 27 9

1 1ˆis given by �s X q X , since X and X are unbiased estimators of1 2 1 27 9

� 2 and � 2, respectively.1 2
Ž .Using Satterthwaite’s approximation see Satterthwaite, 1946 , it can

ˆbe shown that ��r� is approximately distributed as a chi-squared
variate with � degrees of freedom, where � is given by

21 12 2� q �Ž .1 27 9
�s ,2 21 1 1 12 2� q �Ž . Ž .1 26 7 8 9

which can be written as

28 9q7	Ž .
�s ,2108q49	

where 	s� 2r� 2. It follows that the probability2 1

ˆ ˆ�� ��
psP ��� ,2 2ž /� �0.025 , � 0.975 , �

where � 2 denotes the upper 100�% point of the chi-squared distri-� , �

bution with � degrees of freedom, is approximately equal to 0.95.
Compute the exact value of p using double integration, given that
	s2. Compare the result with the 0.95 value.
w Ž .Notes: 1 The density function of a chi-squared random variable with

Ž .n degrees of freedom is given in Example 6.9.6. 2 In general, � is
unknown. It can be estimated by � which results from replacing 	 withˆ
ˆ ˆŽ .	sX rX in the formula for �. 3 The estimator � is used in the2 1
Behrens�Fisher test statistic for comparing the means of two popula-
tions with unknown variances � 2 and � 2, which are assumed to be1 2
unequal. If Y and Y are the means of two independent samples of1 2
sizes n s7 and n s9, respectively, randomly chosen from these1 2
populations, then � is the variance of Y yY . In this case, X and X1 2 1 2
represent the corresponding sample variances. The Behrens�Fisher
t-statistic is then given by

Y yY1 2
ts .'�̂

If the two population means are equal, t has approximately the t-distri-
bution with � degrees of freedom. For more details about the

Ž . xBehrens�Fisher test, see for example, Brownlee 1965, Section 9.8 .
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7.37. Suppose that a parabola of the form �s� q� xq� x 2 is fitted to a0 1 2
Ž . Ž . Ž .set of paired data, x , y , x , y , . . . , x , y . Obtain estimates of � ,1 1 2 2 n n 0

n w Ž 2 .x2� , and � by minimizing Ý y y � q� x q� x with respect1 2 is1 i 0 1 i 2 i
to � , � , and � .0 1 2
wNote: The estimates obtained in this manner are the least-squares

xestimates of � , � , and � .0 1 2

7.38. Suppose that we have k disjoint events A , A , . . . , A such that the1 2 k
Ž . kprobability of A is p is1, 2, . . . , k and Ý p s1. Furthermore,i i is1 i

suppose that among n independent trials there are X , X , . . . , X1 2 k
outcomes associated with A , A , . . . , A , respectively. The joint proba-1 2 k
bility that X sx , X sx , . . . , X sx is given by the likelihood func-1 1 2 2 k k
tion

n!
x x x1 2 kL x, p s p p ��� p ,Ž . 1 2 kx ! x ! ��� x !1 2 k

where x s0, 1, 2, . . . , n for is1, 2, . . . , k such that Ýk x sn, xsi is1 i
Ž . Ž .x , x , . . . , x �, ps p , p , . . . , p �. This defines a joint distribution1 2 k 1 2 k
for X , X , . . . , X known as the multinomial distribution.1 2 k

Find the maximum likelihood estimates of p , p , . . . , p by maximiz-1 2 k
Ž . king L x, p subject to Ý p s1.is1 i

w x1 x 2 xkHint: Maximize the natural logarithm of p p ��� p subject to1 2 k
k xÝ p s1.is1 i

Ž . Ž .7.39. Let � y be a positive, even, and continuous function on y�, � such
Ž . Ž . � Ž .that � y is strictly decreasing on 0, � , and H � y dys1. Considery�

the following bivariate density function:

°1qxr� y , y� y Fx�0,Ž . Ž .
~f x , y sŽ . 1yxr� y , 0FxF� y ,Ž . Ž .¢

0 otherwise.

( ) Ž .a Show that f x, y is continuous for y��x, y��.
( ) Ž .b Let F x, y be the corresponding cumulative distribution function,

x y
F x , y s f s, t ds dt.Ž . Ž .H H

y� y�

Ž .Show that if 0�� x�� 0 , then

sy1 � xŽ .� � xF � x , 0 yF 0, 0 G 1y ds dtŽ . Ž . H H
� tŽ .0 0

1 y1G � x � � x ,Ž .2

y1 Ž .where � is the inverse function of � y for 0Fy��.
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( ) Ž .c Use part b to show that

F � x , 0 yF 0, 0Ž . Ž .
lim s�.

q � x� x™0

Ž . Ž .Hence, 
 F x, y r
 x does not exist at 0, 0 .
( ) Ž .d Deduce from part c that the equality


 2F x , yŽ .
f x , y sŽ .


 x 
 y

does not hold in this example.
w Ž .Note: This example was given by Wen 2001 to demonstrate that

Ž .continuity of f x, y is not sufficient for the existence of 
 Fr
 x, and
Ž . xhence for the validity of the equality in part d .


