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CHAPTER 7

Multidimensional Calculus

In the previous chapters we have mainly dealt with real-valued functions of a
single variable x. In this chapter we extend the notions of limits, continuity,
differentiation, and integration to multivariable functions, that is, functions
of several variables. These functions can be real-valued or possibly vector-val-
ued. More specifically, if R" denotes the n-dimensional Euclidean space,
n > 1, then we shall in general consider functions defined on a set D CR"
and have values in R”, m > 1. Such functions are represented symbolically as
f: D - R™, where for x = (x, x,,...,x,) €D,

f(X) = [fl(x)afz(x)"'me(X)],

and f,(x) is a real-valued function of x, x,,...,x, (i=1,2,...,m).

Even though the basic framework of the methodology in this chapter is
general and applies in any number of dimensions, most of the examples are
associated with two- or three-dimensional spaces. At this stage, it would be
helpful to review the basic concepts given in Chapters 1 and 2. This can
facilitate the understanding of the methodology and its development in a
multidimensional environment.

7.1. SOME BASIC DEFINITIONS

Some of the concepts described in Chapter 1 pertained to one-dimensional
Euclidean spaces. In this section we extend these concepts to higher-dimen-
sional Euclidean spaces.

Any point x in R" can be represented as a column vector of the form
(x4, %,,...,x,), where x; is the ith element of x (i=1,2,...,n). The
Euclidean norm of x was defined in Chapter 2 (see Definition 2.1.4) as
Ix|l, = (X7, x#)!/%. For simplicity we shall drop the subindex 2 and denote
this norm by [lx|l.
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262 MULTIDIMENSIONAL CALCULUS

Let x, € R". A neighborhood N,(x,) of x, is a set of points in R” that lie
within some distance, say r, from x,, that is,

N,(x¢) = {xeR"Ix —x,ll <r}.

If x,, is deleted from N,(x,), we obtain the so-called deleted neighborhood of
X,, which we denote by N%(x,).

A point x;, in R" is a limit point of a set 4 CR" if every neighborhood of
x, contains an element x of A such that x# x,, that is, every deleted
neighborhood of x,, contains points of A.

A set A CR" is closed if every limit point of A4 belongs to A.

A point x,, in R" is an interior of a set A CR" if there exists an r > 0 such
that N.(x,) CA.

A set A CR" is open if for every point x in A there exists a neighborhood
N.(x) that is contained in A. Thus A is open if it consists entirely of interior
points.

A point p € R" is a boundary point of a set A CR" if every neighborhood
of p contains points of A as well as points of A4, the complement of 4 with
respect to R". The set of all boundary points of A is called its boundary and
is denoted by Br(A).

A set A CR" is bounded if there exists an r > 0 such that |x|| <r for all x
in A.

Let g¢ J"—> R" be a vector-valued function defined on the set of all
positive integers. Let g(i) =a;, i > 1. Then {a;}7_, represents a sequence of
points in R". By a subsequence of {a,}7_; we mean a sequence {a, }/_, such
that k, <k, < -+ <k, < - and k,>i for i > 1 (see Definition 5.1.1).

A sequence {a,}7_; converges to a point ¢ € R" if for a given €> 0 there
exists an integer N such that ||a; —c|| < e whenever i > N. This is written
symbolically as lim; ,.,a,=c, ora, —>cas i— .

A sequence {a,};_, is bounded if there exists a number K >0 such that
lla,l| <K for all i.

7.2. LIMITS OF A MULTIVARIABLE FUNCTION

We recall from Chapter 3 that for a function of a single variable x, its limit at
a point is considered when x approaches the point from two directions, left
and right. Here, for a function of several variables, say x;, x,, ..., X,,, its limit
at a point a=(a,a,,...,a,) is considered when x = (x;, x,,...,x,)" ap-
proaches a in any possible way. Thus when n > 1 there are infinitely many
ways in which x can approach a.

Definition 7.2.1. Let f: D —» R™, where D C R". Then f(x) is said to have
alimit L=(L, L,,...,L,) asx approaches a, written symbolically as x — a,
where a is a limit point of D, if for a given e > 0 there exists a 6 > 0 such
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that [If(x) — L|| < € for all x in D N N¢(a), where N¢(a) is a deleted neighbor-
hood of a of radius 6. If it exists, this limit is written symbolically as
lim,_ , f(x) =L. O

Note that whenever a limit of f(x) exists, its value must be the same no
matter how x approaches a. It is important here to understand the meaning
of “x approaches a.” By this we do not necessarily mean that x moves along a
straight line leading into a. Rather, we mean that x moves closer and closer
to a along any curve that goes through a.

ExampLE 7.2.1. Consider the behavior of the function

3_.3
X1 — X

f(x1,x,) =

2 2
Xi +Xx;5

as x = (x;, x,)’ = 0, where 0 = (0,0)". This function is defined everywhere in
R? except at 0. It is convenient here to represent the point x using polar
coordinates, r and 6, such that x;, =rcos0,x,=rsin0,r>0, 0 <6< 2.
We then have

r3cos® 0 —r3sin’ 0

Xy, X,) = -
YGRS r2cos? 6+ r?sin? 6

=r(cos® @ —sin® 0).

Since x = 0 if and only if r—0, lim,_,, f(x;,x,) =0 no matter how x
approaches 0.

ExampLE 7.2.2. Consider the function

X1X2

f(xlaxz) =

x?+x3
Using polar coordinates again, we obtain
f(xy,x,) =cos6sin 6,

which depends on 6, but not on r. Since # can have infinitely many values,
f(x,, x,) cannot be made close to any one constant L no matter how small r
is. Thus the limit of this function does not exist as x — 0.
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ExaMPLE 7.2.3. Let f(x,, x,) be defined as

2 2
Fxxyy = 22 E®)

S+ (x2+ad)

This function is defined everywhere in R?* except at (0,0)’. On the line
x, =0, f(0,x,) =x3/(x3 +x3), which goes to zero as x, » 0. When x, =0,
f(x,,0)=0 for x, #0; hence, f(x,,0) >0 as x, — 0. Furthermore, for any
other straight line x, = #x; (¢ # 0) through the origin we have

oy (xf +12x7)

f(xl’txl) =

27+ (27 +2x3)
oo (1+1%)

T oqam T
t+xi(1+1¢7)

which has a limit equal to zero as x, = 0. We conclude that the limit of
f(x,, x,) is zero as x — 0 along any straight line through the origin. However,
f(x,,x,) does not have a limit as x = 0. For example, along the circle
x,=x}+x? that passes through the origin,

(22 +x2)’

(xl2 +x%)2 + (xl2 +x§)2 2

x?+x5#0.

f(x1,%,) =

Hence, f(x,, x,) = 1 #0.
This example demonstrates that a function may not have a limit as x —> a
even though its limit exists for approaches toward a along straight lines.

7.3. CONTINUITY OF A MULTIVARIABLE FUNCTION

The notion of continuity for a function of several variables is much the same
as that for a function of a single variable.

Definition 7.3.1. Letf: D - R™, where D CR", and let a € D. Then f(x)
is continuous at a if

lim f(x) = f(a),

X—a
where x remains in D as it approaches a. This is equivalent to stating that for
a given € > 0 there exits a 6> 0 such that

lif(x) —f(a)ll<e
for all x € D N N;(a).
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If f(x) is continuous at every point x in D, then it is said to be continuous
in D. In particular, if f(x) is continuous in D and if 8 (in the definition of
continuity) depends only on € (that is, § is the same for all points in D for
the given €), then f(x) is said to be uniformly continuous in D. O

We now present several theorems that provide some important properties
of multivariable continuous functions. These theorems are analogous to those
given in Chapter 3. Let us first consider the following lemmas (the proofs are
left to the reader):

Lemma 7.3.1. Every bounded sequence in R" has a convergent subse-
quence.

This lemma is analogous to Theorem 5.1.4.

Lemma 7.3.2. Suppose that f, g: D — R are real-valued continuous func-
tions, where D C R". Then we have the following:

1. f+g, f—g, and fg are continuous in D.
2. |f] is continuous in D.
3. 1/f is continuous in D provided that f(x)= 0 for all x in D.

This lemma is analogous to Theorem 3.4.1.

Lemma 7.3.3. Suppose that f: D — R™ is continuous, where D C R", and
that g: G — R” is also continuous, where G CR™ is the image of D under f.
Then the composite function gef: D — R”, defined as gof(x) = g[f(x)], is
continuous in D.

This lemma is analogous to Theorem 3.4.2.

Theorem 7.3.1. Let f: D— R be a real-valued continuous function

defined on a closed and bounded set D € R". Then there exist points p and q
in D for which

f(p) = Slelgf(X), (7.1)
f(q) = inf f(x). (7.2)

Thus f(x) attains each of its infimum and supremum at least once in D.

Proof. Let us first show that f(x) is bounded in D. We shall prove this by
contradiction. Suppose that f(x) is not bounded in D. Then we can find a
sequence of points {p,}’_; in D such that |[f(p,)| =i for i>1 and hence
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|[f(p,)] = © as i —» . Since the terms of this sequence are elements in a
bounded set, {p,}"_; must be a bounded sequence. By Lemma 7.3.1, this
sequence has a convergent subsequence {p; }_;. Let p, be the limit of this
subsequence, which is also a limit point of D; hence, it belongs to D, since D
is closed. Now, on one hand, If(pki)l — |f(py)| as i = o, by the continuity of
f(x) and hence of |f(x)| [see Lemma 7.3.2(2)]. On the other hand, |f(pk,.)| — oo,
This contradiction shows that f(x) must be bounded in D. Consequently, the
infimum and supremum of f(x) in D are finite.

Suppose now equality (7.1) does not hold for any p € D. Then, M — f(x) > 0
for all x € D, where M =sup, . ,, f(x). Consequently, [M — f(x)] ! is positive
and continuous in D by Lemma 7.3.2(3) and is therefore bounded by the first
half of this proof. However, if > 0 is any given positive number, then, by the
definition of M, we can find a point x5 in D for which f(xz) > M — §, or

1 1
M—f(x;) &

This implies that [M — f(x)]_1 is not bounded, a contradiction, which proves
equality (7.1). The proof of equality (7.2) is similar. O

Theorem 7.3.2. Suppose that D is a closed and bounded set in R". If
f: D — R™ is continuous, then it is uniformly continuous in D.

Proof. We shall prove this theorem by contradiction. Suppose that f is not
uniformly continuous in D. Then there exists an €> 0 such that for every
6> 0 we can find a and b in D such that ||a — bl < 8, but [If(a) — f(b)|| > e.
Let us choose 86=1/i, i>=1. We can therefore find two sequences
{a,}"_,,{b,J7_, with a,,b, € D such that [|a, — b,|| < 1/i, and

if(a;,) —f(b,)ll=€ (7.3)

for i > 1. Now, the sequence {a,}7_; is bounded. Hence, by Lemma 7.3.1, it
has a convergent subsequence {a, }7_; whose limit, denoted by a,, is in D,
since D is closed. Also, since f is continuous at a,, we can find a A > 0 such
that |If(x) — f(a )l < €/2 if |x —a,ll < A, where x € D. By the convergence of
{a, )7, to a,, we can choose k; large enough so that

L2 7.4
— < = .
k<2 (74)

and

A
||ak‘._a(]||< E (75)
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From (7.5) it follows that
€
||f(aki) —f(ay)ll< 5 (7.6)
Furthermore, since |Iaki — bk,“ <1/k;, we can write
“bk‘ - ao” < ”31([ - ao” + ”ak, - bk,”
A 1

<=+ —<A
2k

1

Hence, by the continuity of f at a,
€
||f(bk,.) —f(ay)ll < 7 (7.7)

From inequalities (7.6) and (7.7) we conclude that whenever k,; satisfies
inequalities (7.4) and (7.5),

If(a,) —f(b, ) <lf(a,) —f(ap)l+If(b;)—f(ap)ll<e,

which contradicts inequality (7.3). This leads us to assert that f is uniformly
continuous in D. O
7.4. DERIVATIVES OF A MULTIVARIABLE FUNCTION

In this section we generalize the concept of differentiation given in Chapter 4
to a multivariable function f: D — R, where D C R".

Let a =(a,,a,,...,a,)" be an interior point of D. Suppose that the limit
-~ f(ay,ay,...,a;,+h;, .. a,) —1(a,,a,,...,a;,...,a,)
lim
h;—0 h,

i 1

exists; then f is said to have a partial derivative with respect to x; at a. This
derivative is denoted by df(a)/dx;, or just fxl(a), i=1,2,...,n. Hence, partial
differentiation with respect to x; is done in the usual fashion while treating
all the remaining variables as constants. For example, if f: R* — R is defined
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as f(x,, x,, x;) =x,x3 +x,x3, then at any point x € R® we have

"

dx, >

af(x

) =2x,Xx, +x3,
dx, ;
x5 243

In general, if f; is the jth element of f (j=1,2,...,m), then the terms
af,(x)/dx;, for i=1,2,...,n; j=1,2,...,m, constitute an m Xn matrix
called the Jacobian matrix (after Carl Gustav Jacobi, 1804—1851) of f at x and
is denoted by J;(x). If m = n, the determinant of J;(x) is called the Jacobian
determinant; it is sometimes represented as

ﬁ(fl?fZ?"'?fn)

X1y XgynnsXy)

det[J,(x)] = (7:8)

For example, if £ R® —> R? is such that

f(x),xy,x35) = (xf cos x,, x5 +x3e),

then
2x,C08x, —xisinx, 0
Je(xq, x5, x3) = 2« o |
x3et 2x, 2x5e™

Higher-order partial derivatives of f are defined similarly. For example, the
second-order partial derivative of f with respect to x; at a is defined as

i f.(aj,a5,...,a;+h;,....,a,) —f.(a;,a,,...,a;,...,4a,)
h; =0 h.

i 1

and is denoted by d*f(a)/dx}, or f, (a). Also, the second-order partial
derivative of f with respect to x; and x;, i #J, at a is given by

. t(a, a0+ 0, a,)—f (a),a,,...,4a;,...,4a,)
lim
h;—0 h;

and is denoted by 3*f(a)/dx; dx;, or f, .(a), i #].
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Under certain conditions, the order in which differentiation with respect
to x; and x; takes place is irrelevant, that is, fx[x/_(a) is identical to fx/_xl_(a),
i #j. This property is known as the commutative property of partial differen-
tiation and is proved in the next theorem.

Theorem 7.4.1. Let f: D - R™, where D CR", and let a be an interior
point of D. Suppose that in a neighborhood of a the following conditions are
satisfied:

1. 9f(x)/dx; and 9f(x)/dx; exist and are finite (i,j=1,2,...,n, i #)).
2. Of the derivatives d°f(x)/dx; dx;, 9*£(x)/dx; dx; one exists and is
continuous.

Then
d*f(a) d*f(a)

9x; 0x; B ax; ox;

Proof. Let us suppose that 9°f(x)/dx; dx; exists and is continuous in a
neighborhood of a. Without loss of generality we assume that i<j. If
9°f(a)/dx; dx; exists, then it must be equal to the limit

ij(al,aZ,...,ai+hi,...,an) —ij(al,az,...,ai,...,a,,)

lim ,
h;—0 h.
that is,
1 1

lim —| lim —if(a,,a,,...,a;,+h,,...,a.+h.,...,a
h—0 hi I =0 h]{( 1> %2 j i’ ’ n)

—f(al,az,...,a»+h»,...,aj,...,an)}

1 1

— lim —{f(al,az,...,al—,...,aj+h-,...,an)
=0 h;

—f(a],az,...,ai,...,aj,...,a,,)}}. (7.9)

Let us denote f(xj,x,,...,x;+h;,...,x,)—f(x;,xy,...,%,...,x,) by
P(x,, X5,...,x,). Then the double limit in (7.9) can be written as

1
lim lim —[ a,,0,,...,a;+h.,....,a;,...,a
hi—0 h;—0 h;h; Wlar, e @t Ry a0,

—th(al,az,...,a,—,...,aj,...,an)]

1| d¥(ay,ay,....,a;,+0h;,....a,,...,a,
B K CAL ! )l, (7.10)

hi=0 h;—0 h; Ix;
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where 0 < 6, < 1. In formula (7.10) we have applied the mean value theorem
(Theorem 4.2.2) to s as if it were a function of the single variable x; (since
df/dx;, and hence dds/dx; exists in a neighborhood of a). The right-hand
side of (7.10) can then be written as

. . 1 2"
Iim lim —
hi=0 h;=>0 h; ox;

1

1 [af(al,az,...,ai+6-h- a;th,...a,)

of(ay,ay,...,a;+6:h;,...,a;,...,a,)
ox;

l

a9 |df(ayay,...,a;+ 6h,....a;+ Ohy,...,a,)
= lim lim — ,
hi=0 h;>0 JX; 0x;

(7.11)

where 0 <6, <1. In formula (7.11) we have again made use of the mean
value theorem, since 9°f(x)/ dx; dx; exists in the given neighborhood around
a. Furthermore, since ¢*f(x)/dx; dx; is continuous in this neighborhood, the
double limit in (7.11) is equal to d*f(a)/dx; dx,. This establishes the asser-
tion that the two second-order partial derivatives of f are equal. O

EXAMPLE 7.4.1. Consider the function f: R® —> R, where f(x,,x,, x;) =
x,e*2+x, cos x;. Then

Af(xy, x5, x3)
dx,

Af(xy, Xy, x3)
dx,

Xy :
=e*? —x,sin x;,

=Xx,e*? + cos xy,

2
4 f(x17x27x3) x .
——————— =e?—sinx,
dx, dx,
2

9°f (%1, %2, X3) Y
—————— =e?—sinx,.
0x, dx,

7.4.1. The Total Derivative

Let f(x) be a real-valued function defined on a set D CR", where x =
(xy, X5,...,x,). Suppose that x,, x,,..., x, are functions of a single variable
t. Then f is a function of ¢. The ordinary derivative of f with respect to ¢,
namely df/dt, is called the total derivative of f.
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Let us now assume that for the values of ¢ under consideration dx;/dt
exists for i =1,2,...,n and that Jf(x)/dx; exists and is continuous in the
interior of D for i =1,2,...,n. Under these considerations, the total deriva-
tive of f is given by

—. (7.12)

To show this we proceed as follows: Let Ax,Ax,,...,Ax, be increments of
Xy, X,,..., X, that correspond to an increment Ar of ¢. In turn, f will have
the increment Af. We then have

Af=f(x; +Ax,x, +Axy, .o, x, +Ax,) —f(x), x5,...,%,).
This can be written as

Af=[f(x;+Ax;,x,+Ax,,...,x, +Ax,)
—f(xy, %+ Ax,y,.., x, + Ax,)]
+[f(x, %3+ Axy, ..o x, + Ax,)
—f(x1, %5, x5+ Axy, ..., x, + Ax,)]
+[f(xy, x5, x5+ Axy,..., x, + Ax,,)
—f(x1, %5, X3, X4+ Axy,...,x, + Ax,)]

+ .. +[f(x1,x2,...,xn,1,xn +Ax,) —f(xl,xz,...,xn)].

By applying the mean value theorem to the difference in each bracket we
obtain

Af(x, + 60, Ax, x, +Ax,,...,x, +Ax,
Af=Ax, f(x, 18Xy, X, 2 )

dxy

Af(xy, %, + 0, Axy, x5+ Axs,..., X, +AX,)
+Ax,

dx,

Af(xy, X5, X3+ 03 Ax5, %, + Axy, ..., x, +Ax,)

+ Ax,
dx,

oA &f(xl,xz,...,);n_l,xn—k 6,Ax,) ’
x

n



272 MULTIDIMENSIONAL CALCULUS
where 0 < 69, <1 for i=1,2,...,n. Hence,

Af Ax, df(xy+ 60, Ax;, x, + Ax,y,...,x, +Ax,)
At At ax,

Ax, f(x;,x,+ 0, Ax,, x5 +Axs,...,x, +Ax,)
+

At dx,

Axy df(xy, x5, X3+ 603 Ax5,x, +Axy,...,x, +Ax,)
+

At x5

Ax, df(x;,%y,...,%,_1,%x,+6,Ax,
- f(xy, %, 1 ) (7.13)
At ax

n

As At—0, Ax;/At > dx,/dt, and the partial derivatives in (7.13), being
continuous, tend to Jf(x)/dx; for i =1,2,...,n. Thus Af/At tends to the
right-hand side of formula (7.12).

For example, consider the function f(x,,x,)=x7—x3, where x,=
e'cost,x,=cost+sint. Then,

o =2x,(e'cost—e'sint) —3x3(—sint+ cost)

=2¢'cost(e'cost —e'sint) —3(cost + sin £)’( —sin ¢+ cos 1)

= (cost—sint)(2e* cost— 6sinzcost —3).

Of course, the same result could have been obtained by expressing f directly
as a function of ¢ via x; and x, and then differentiating it with respect to ¢.

We can generalize formula (7.12) by assuming that each of x, x,,..., x, is
a function of several variables including the variable ¢. In this case, we need
to consider the partial derivative df/dt, which can be similarly shown to have
the value

d f af(x) dx;
7.14
,:Zl ax; gt ( )
In general, the expression
f( (7.15)

l

is called the total differential of f at x.
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ExAMPLE 7.4.2. Consider the equation f(x, x,) =0, which in general
represents a relation between x, and x,. It may or may not define x, as a
function of x,. In this case, x, is said to be an implicit function of x,. If x,
can be obtained as a function of x,, then we write x, = g(x,). Consequently,
flx;, g(x] will be identically equal to zero. Hence, f[x,,g(x,)], being a
function of one variable x,, will have a total derivative identically equal to
zero. By applying formula (7.12) with ¢ =x, we obtain

af of  of dx, 0
— =—+——=0.
dx, dx, Ix, dx,

If 9f/dx, # 0, then the derivative of x, is given by

dx, —df/dx,

In particular, if f(x;,x,)=0 is of the form x, —A(x,)=0, and if this
equation can be solved uniquely for x, in terms of x,, then x, represents the
inverse function of 4, that is, x, = A~ '(x,). Thus according to formula (7.16),

dh™! 1
de,  dh/dx,’

This agrees with the formula for the derivative of the inverse function given
in Theorem 4.2.4.

7.4.2. Directional Derivatives

Let £ D > R™, where D CR", and let v be a unit vector in R" (that is, a
vector whose length is equal to one), which represents a certain direction in
the n-dimensional Euclidean space. By definition, the directional derivative
of f at a point x is the interior of D in the direction of v is given by the limit

f(x+hv) —f(x)
h—0 h ’

if it exists. In particular, if v = e;, the unit vector in the direction of the ith
coordinate axis, then the directional derivative of f in the direction of v is just
the partial derivative of f with respect to x; (i =1,2,...,n).

Lemma 7.4.1. Let f: D — R™, where D CR". If the partial derivatives
df;/dx; exist at a point x = (xy, X,,...,x,)" in the interior of D for i=
1,2,...,n; j=1,2,...,m, where fj is the jth element of f, then the direc-
tional derivative of f at x in the direction of a unit vector v exists and is equal
to J;(x)v, where J;(x) is the m X n Jacobian of f at x.
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Proof. Let us first consider the directional derivative of f; in the direction
of v. To do so, we rotate the coordinate axes so that v coincides with the
direction of the §¢,-axis, where ¢, ¢&,,..., §, are the resulting new coordi-
nates. By the well-known relations for rotation of axes in analytic geometry of
n dimensions we have

n
x;=&uv+ Y N i=1,2,...,n, (7.17)
=2
where v is the ith element of v (i = 1,2,...,n) and A, is the ith element of
A, the unit vector in the direction of the &-axis (I =2,3,...,n).

Now, the directional derivative of f/ in the direction of v can be obtained
by first expressing f; as a function of ¢, ¢&,,...,§, using the relations
(7.17) and then differentiating it with respect to &,. By formula (7.14), this is
equal to

af, & df ox;

- ¥

o0&, [ Ix; ¢,

n 07](}
=Y Ly, j=1,2,...,m. 7.18
El oL m (7.18)

From formula (7.18) we conclude that the directional derivative of f=
(fi, foy -+, [, in the direction of v is equal to J;(X)v. O

ExampLE 7.4.3. Let f: R® — R? be defined as

x7 +x3 +x?
X7 —x,%, +x3

£(xp,xp,x3) = [

The directional derivative of f at x =(1,2,1)" in the direction of v=(1/ V2,
—1/v2,0) is

1
5% 2x, 2x, 2x4 ‘/15
X)v =
f 2)(1 _x2 _xl 2X3 a.2.0 — ﬁ
- 0 =

S B

V2 —

(2 4 2 . V2

0 -1 2| — — 1
I
0
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Definition 7.4.1. Let f: D — R, where D CR". If the partial derivatives

df/dx; (i=1,2,...,n) exist at a point x = (x, x,,...,x,)" in the interior of
D, then the vector (df/dx,, df/dx,,..., df/dx,) is called the gradient of f
at x and is denoted by Vf(x). !

Using Definition 7.4.1, the directional derivative of f at x in the direction
of a unit vector v can be expressed as Vf(x)'v, where Vf(x)' denotes the
transpose of Vf(x).

The Geometric Meaning of the Gradient

Let f: D — R, where D CR". Suppose that the partial derivatives of f exist
at a point x = (x;, x,,..., x,)" in the interior of D. Let C denote a smooth
curve that lies on the surface of f(x)=c,, where ¢, is a constant, and passes
through the point x. This curve can be represented by the equations x, =
g, x,=g,(t),...,x,=g,(t), where a <t <b. By formula (7.12), the total
derivative of f with respect to ¢ at x is

o) dg,
dx; dt’

df
Z-x

i=1

(7.19)

The vector N = (dg,/dt,dg,/dt,...,dg,/dt) is tangent to C at x. Thus from
(7.19) we obtain

df ,
A/ (ORY (7.20)

Now, since f[g,(1), g,(¢),..., g,(t)] = ¢, along C, then df/dt =0 and hence
Vf(x)'\ = 0. This indicates that the gradient vector is orthogonal to N\, and
hence to C, at x € D. Since this result is true for any smooth curve through x,
we conclude that the gradient vector Vf(x) is orthogonal to the surface of
fx)=c, at x.

Definition 7.4.2. Let f: D — R, where D CR". Then Vf: D — R". The
Jacobian matrix of Vf(x) is called the Hessian matrix of f and is denoted by

[ ) ()]
ax} dx, dx, dx, dx,
H,(x) = ; ; (7.21)
OO
dx, dx,  Ix, dx, ax?2
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The determinant of H f(x) is called the Hessian determinant. If the conditions
of Theorem 7.4.1 regarding the commutative property of partial differentia-
tion are valid, then H/(x) is a symmetric matrix. As we shall see in Section
7.7, the Hessian matrix plays an important role in the identification of
maxima and minima of a multivariable function. O

7.4.3. Differentiation of Composite Functions

Let f: D, —» R™, where D, CR", and let g: D, —» R”, where D, CR™. Let x,
be an interior point of D, and f(x,) be an interior point of D,. If the m X n
Jacobian matrix Jy(x,) and the p X m Jacobian matrix Jg[f(xo)] both exist,
then the p Xn Jacobian matrix J,(x,) for the composite function h=gof
exists and is given by

Ju(x0) :Jg[f(xo)]Jf(XO)' (7.22)

To prove formula (7.22), let us consider the (k, )th element of J,(x,), namely
dh(xy)/dx;, where h,(x,) = g,[f(x,)] is the kth element of h(x,) = g[f(x,)],
i=1,2,...,n; k=1,2,..., p, By applying formula (7.14) we obtain

Ilxo) _ 5 %8 sllO)l 2h00) ko p
ox; j=1 fj 0x; ’ T B

(7.23)

where f;(x,) is the jth element of f(x(), j =1,2,..., m. But dg,[f(x))]/df; is
the (k, ])th elernent of J[f(x()], and df; (xo)/&x is the (j,)th element of
Ji(xy), i= =1,2,...,m; k—l 2,..., p. Hence, formula (7.22)
follows from formula (7 23) and the rule of matrix multiplication.

In particular, if m =n =p, then from formula (7.22), the determinant of
J.(x,) is given by

det[Ju(xy)] = det[J,(£(xo))] det[J; (x,)]. (7.24)
Using the notation in formula (7.8), formula (7.24) can be expressed as

(9(h1’h27""hn) _ a(gl’g2>"'>gn) (?(fl’fb""fn)
&(xl’xz"“’xn) a(fl’fz’“'afn) a(xlyxz""’xn).

EXAMPLE 7.4.4. Let £ R*> - R® be given by

(7.25)

X7 —x, €os x,
f(x,x,) = *1¥a

3 3
xi] +x5
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Let g: R® - R be defined as
8(&1,6.86) =& - &+ &,

where

=2
& =xi{ —x,cC08 Xy,

& =x1%,,
343
&y =x7 +x3.
In this case,
2x, +x,sinx; —cosx,
Jf(X) = X X1 5
2 2
3x; 3x;

J (0] =(1,-2&,.1).
Hence, by formula (7.22),

2x, +x,sinx; —cosx,
In(x) = (1,-2£,,1) *2 *1
3x7 3x3

= (2x; +x,sin x; — 2x x5 + 3x7,— cos x; — 2x{x, + 3x3).

7.5. TAYLOR’S THEOREM FOR A MULTIVARIABLE FUNCTION

We shall now consider a multidimensional analogue of Taylor’s theorem,
which was discussed in Section 4.3 for a single-variable function.

Let us first introduce the following notation: Let x = (x, x,,...,x,)".
Then x'V denotes a first-order differential operator of the form

n

The symbol V, called the del operator, was used earlier to define the
gradient vector. If m is a positive integer, then (x' V)™ denotes an mth-order
differential operator. For example, for m =n =2,

o J a\
x' =|x;— +x,—
(x'V) Vox, TR

. 2 52 . 92
=xX{—— t2xx,———— +x;

Ix7 dx, dx, ax3 "’
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Thus (x'V)*> is obtained by squaring x, d/dx, +x,d/dx, in the usual
fashion, except that the squares of d/dx, and d/dx, are replaced by 9/ dx}
and 92/dx3, respectively, and the product of d/dx, and d/dx, is replaced
by 9%/dx, dx, (here we are assuming that the commutative property of
partial differentiation holds once these differential operators are applied to a
real-valued function). In general, (x’ V)" is obtained by a multinomial expan-
sion of degree m of the form

am

m m

N xkixks oo gk ,
(x'V) kl,kz;..,k (kl,kz,...,kn) 12 "axkt gxke e gxka
where the sum is taken over all n-tuples (k, k,, ..., k,) for which ©'_ k, = m,
and

m . m!
kiskysooosky | gVt e kU

If a real-valued function f(x) has partial derivatives through order m, then
an application of the differential operator (x' V)" to f(x) results in

n

' m — m kiyka ...
(x'V) f(x) = kZ ) (kpkz,---ak )x1 o)

)

n ax{ﬂ ﬂx§2 &xll/f)x '

(7.26)

The notation (x' V)" f(x,) indicates that (x'V)”f(x) is evaluated at x,,.

Theorem 7.5.1. Let f: D—R, where D CR”, and let Ns(x,) be a
neighborhood of x, €D such that N;(x,)cD. If f and all its partial
derivatives of order <r exist and are continuous in N;(x,), then for any
x € N;(x,),

r—1 X — X, 'V i X, X — X, 'y r z,
Fo) =)+ 5 LETX)VIG0) | [ =%0) V]/(20)

, (7.27
i1 i! r! ( )

where z,, is a point on the line segment from x, to x.

Proof. Let h=x—x,. Let the function ¢(¢) be defined as ¢(r) = f(x, +
th), where 0 <t < 1. If t =0, then ¢(0) =f(x,) and ¢(1) = f(x, + h) = f(x), if
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t = 1. Now, by formula (7.12),

do(t) _

7f(x)
dt h

i
1 Jx

™=

i i |x=x)+th

= (W'V)f(x, +h),

where h; is the ith element of h (i = 1,2,..., n). Furthermore, the derivative
of order m of ¢(¢) is

d"$(1)
dt™

=(h'V)"f(xo+th), l<m<r.

Since the partial derivatives of f through order r are continuous, then the
same order derivatives of ¢(¢) are also continuous on [0, 1] and

d"$(t)
at™ =0

=('V)"f(x,), l<m<r.

If we now apply Taylor’s theorem in Section 4.3 to the single-variable
function ¢(¢), we obtain

o
o) =d(0) + T - "5([)

|
tll

1" d'g(t)

=0 rl dt’

, (7.28)

i=¢

where 0 < £ <t. By setting ¢ = 1 in formula (7.28), we obtain

[( X —Xg)' V] f(xo) [(X_Xo)’v]rf(zo)

i! r!

f(x) =f(xo) + Z

where z;,=x, + £h. Since 0 < £<1, the point z, lies on the line segment
between x,, and x. O

In particular, if f(x) has partial derivatives of all orders in Nj(x,), then we
have the series expansion

2 [(x=x%0)'V]'f(x0)
F00 =f(x) + T - . (7.29)
i=1 :
In this case, the last term in formula (7.27) serves as a remainder of Taylor’s
series.
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EXAMPLE 7.5.1. Consider the function f: R* — R defined as f(x,, x,) =

X%, +x7 + e*' cos x,. This function has partial derivatives of all orders. Thus
in a neighborhood of x, = (0,0) we can write

1 1
Fx1om) =14 (X 9)F(0,0) + 27 (XF)*F(0,0) + 5 (VFY(éx,, 6x3),
0<é<l.
It can be verified that
(x'V)f(0,0) =x,,
(x'V)?£(0,0) =3x2 + 2x,x, —x3,
(X'V)f( &x,, £x,) =x3 e cos( €x,) — 3xPx, et sin( éx,)
—3x,x3 et cos((€x,) +x3 esin( €x,).

Hence,

f(xy,x5)
1 2 2
=1+4x,+ 2 (3x7 +2x,x, —x3)

1
+ 5{[}6% —3x,x3] e cos( €x,) + [x3 — 3xlx, ] e sin( £x,)).

The first three terms serve as a second-order approximation of f(x,, x,),
while the last term serves as a remainder.

7.6. INVERSE AND IMPLICIT FUNCTION THEOREMS

Consider the function f: D — R", where D C R". Let y = f(x). The purpose of
this section is to present conditions for the existence of an inverse function
f~! which expresses x as a function of y. These conditions are given in the
next theorem, whose proof can be found in Sagan (1974, page 371). See also
Fulks (1978, page 346).

Theorem 7.6.1 (Inverse Function Theorem). Let f: D — R", where D is
an open subset of R" and f has continuous first-order partial derivatives
in D. If for some x, €D, the n X n Jacobian matrix J;(x,) is nonsingular,
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that is,
a(fl?fZ?""fn)
det[J;(x,)] = # 0,
(X1, %5505 X,) iy,
where f; is the ith element of f (i = 1,2,...,n), then there exist an € > 0 and

a 6> 0 such that an inverse function f~' exists in the neighborhood Nj[f(x,)]
and takes values in the neighborhood N.(x,). Moreover, f~! has continuous
first-order partial derivatives in N[f(x,)], and its Jacobian matrix at f(x,) is
the inverse of J;(x,); hence,

1
detile [P0} = oot

ExaMPLE 7.6.1. Let f: R® —> R? be given by

(7.30)

2X1X, — X,
£(x,, %y, %3) = | xf +x, +2x3
X X, + X,
Here,
2x, 2x;,—1 0
Jf(x) =|2x, 1 4x5 |,
X, x;+1 0
and det[J;(x)]= —12x,x;. Hence, all x€R* at which x,x;#0, f has an
inverse function f~'. For example, if D = {(x,, x,, x;)|lx, > 0, x; > 0}, then fis
invertible in D. From the equations
V1 =2xX, =Xy,
y, =x}+x,+2x3,

Y3 =Xx1X; t X,

we obtain the inverse function x = f~'(y), where

Y1tY;
X\ =T,
2y; =y
=y +2y;
LT
12
1 (ri+7:)°  2ys-v,

X3 = Y2 —
V2 (2)’3_)’1)2 3
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If, for example, we consider x,=(1,1,1)’, then y,=f(x,)=(1,4,2), and
det[J;(x,)] = —12. The Jacobian matrix of f~' aty, is

o o
|

Je-1(yo) =

O Wi W=

ENTE O NN

Bl

Its determinant is equal to

det[Jrl(yO)] = — 11—2

We note that this is the reciprocal of det[J;(x,)], as it should be according to
formula (7.30).

The inverse function theorem can be viewed as providing a unique
solution to a system of n equations given by y = f(x). There are, however,
situations in which y is not explicitly expressed as a function of x. In general,
we may have two vectors, x and y, of orders n X 1 and m X 1, respectively,
that satisfy the relation

g(x,y) =0, (7.31)

where g: R™"" — R". In this more general case, we have n equations
involving m + n variables, namely, the elements of x and those of y. The
question now is what conditions will allow us to solve equations (7.31)
uniquely for x in terms of y. The answer to this question is given in the next
theorem, whose proof can be found in Fulks (1978, page 352).

Theorem 7.6.2 (Implicit Function Theorem). Let g: D — R", where D is
an open subset of R”*" and g has continuous first-order partial derivatives
in D. If there is a point z, € D, where z, = (x{,y;)’ with x, €R", y, € R"
such that g(z,) = 0, and if at z,,

(81, 82s-> 80
(81,8 g)#(),
(X Xgyeens Xy)

where g is the ith element of g (i = 1,2,..., n), then there is a neighborhood
N;(y,) of y, in which the equation g(x,y) = 0 can be solved uniquely for x as a
continuously differentiable function of y.
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EXAMPLE 7.6.2. Let g: R® —> R? be given by

( ) X, +x,+y*—18

X, X,,y) = .

B X2, Y Xy =X x,+ty—4

We have
(&, 1 1
M:det 1_ _ :xz—xl—l.
d(xy,x,) o) X1

Let z=(x,, x,,y)". At the point z,=(1,1,4)’, for example, g(z,) =0 and
(g, 8,)/3(x;,x,) = —1+0. Hence, by Theorem 7.6.2, we can solve the
equations

X, +x,+y*—18=0, (7.32)
X, —xx,+y—4=0 (7.33)

uniquely in terms of y in some neighborhood of y, = 4. For example, if D in
Theorem 7.6.2 is of the form

D ={(xy,x,,y)lx;>0,x,>0,y <4.06},

then from equations (7.32) and (7.33) we obtain the solution
2 1/2
x1=§{—(y2—17)+[(y2—17) — 4y +16] }

1/2
x2=%{19—y2— [(y2—17)2—4y+16] }

We note that the sign preceding the square root in the formula for x, was
chosen as +, so that x,=x,=1 when y=4. It can be verified that
(y? —17)?> — 4y + 16 is positive for y < 4.06.

7.7. OPTIMA OF A MULTIVARIABLE FUNCTION

Let f(x) be a real-valued function defined on a set D C R". A point x, € D is
said to be a point of local maximum of f if there exists a neighborhood
N;(xy) €D such that f(x) <f(x,) for all x € N;(x,). If f(x)>f(x,) for all
x € N,(x,), then x, is a point of local minimum. If one of these inequalities
holds for all x in D, then x,, is called a point of absolute maximum, or a point
of absolute minimum, respectively, of f in D. In either case, x,, is referred to
as a point of optimum (or extremum), and the value of f(x) at x = x,, is called
an optimum value of f(x).
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In this section we shall discuss conditions under which f(x) attains local
optima in D. Then, we shall investigate the determination of the optima of
f(x) over a constrained region of D.

As in the case of a single-variable function, if f(x) has first-order partial
derivatives at a point x, in the interior of D, and if x,, is a point of local
optimum, then df/dx;=0 for i=1,2,...,n at x,. The proof of this fact is
similar to that of Theorem 4.4.1. Thus the vanishing of the first-order partial
derivatives of f(x) at x,, is a necessary condition for a local optimum at x,,,
but is obviously not sufficient. The first-order partial derivatives can be zero
without necessarily having a local optimum at x,,.

In general, any point at which df/dx;=0 for i=1,2,...,n is called a
stationary point. It follows that any point of local optimum at which f has
first-order partial derivatives is a stationary point, but not every stationary
point is a point of local optimum. If no local optimum is attained at a
stationary point x,, then x,, is called a saddle point. The following theorem
gives the conditions needed to have a local optimum at a stationary point.

Theorem 7.7.1. Let f: D — R, where D C R". Suppose that f has contin-
uous second-order partial derivatives in D. If x,, is a stationary point of f,
then at x, f has the following:

i. A local minimum if (h'V)*f(x,) >0 for all h=(h,h,,...,h,) in a
neighborhood of 0, where the elements of h are not all equal to zero.
ii. A local maximum if (h'V)?*f(x,) < 0, where h is the same as in (i).
iii. A saddle point if (h'V)*f(x,) changes sign for values of h in a
neighborhood of 0.

Proof. By applying Taylor’s theorem to f(x) in a neighborhood of x, we
obtain

1
f(xo+h) =f(xq) + (W V)f(x,) + ?!(hrv)zf(zo)a

where h is a nonzero vector in a neighborhood of 0 and z,, is a point on the
line segment from x, to x,+h. Since x, is a stationary point, then
(h'V)f(x,) = 0. Hence,

1
f(xo+h) =f(x0) = 57 (WV)*f(z).

Also, since the second-order partial derivatives of f are continuous at x,,
then we can write

1
f(xg+h) —f(x,) = 2—!(h’V)2f(x0) +o(Ilhll),
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where ||h|| = (h'h)"/? and o(]|h|)) = 0 as h — 0. We note that for small values
of ||hl|, the sign of f(x,+ h) —f(x,) depends on the value of (h'V)*f(x,). It
follows that if

i. (h'V)*f(x,) >0, then f(x,+ h)>f(x,) for all nonzero values of h in

some neighborhood of 0. Thus x,, is a point of local minimum of f.

ii. (h'V)?f(x,) <0, then f(x,+ h) <f(x,) for all nonzero values of h in
some neighborhood of 0. In this case, x, is a point of local maximum
of f.

iii. (h'V)?*f(x,) changes sign inside a neighborhood of 0, then x,, is neither
a point of local maximum nor a point of local minimum. Therefore, x,
must be a saddle point. O

We note that (h'V)?f(x,) can be written as a quadratic form of the form
h’Ah, where A =H(x,) is the n X n Hessian matrix of f evaluated at x,, that
is,

fu foo o S
A= le fzz fzn ’ (7.34)
fu fo

where for simplicity we have denoted d°f(x,)/dx, dx; by f,;, i,j=1,2,...,n
[see formula (7.21)].

Corollary 7.7.1. Let f be the same function as in Theorem 7.7.1, and let
A be the matrix given by formula (7.34). If x,, is a stationary point of f, then
at x, f has the following:

i. A local minimum if A is positive definite, that is, the leading principal
minors of A (see Definition 2.3.6) are all positive,

fll f12

oy o >0,..., det(A) >0. (7.35)

£ >0, det([

ii. A local maximum if A is negative definite, that is, the leading principal
minors of A have alternating signs as follows:

fll f12

Fu Fo >0,...,(—1) det(A) >0. (7.36)

fin <0, det([

iii. A saddle point if A is neither positive definite nor negative definite.
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Proof.

i

ii.

iii.

By Theorem 7.7.1, f has a local minimum at x,, if (h’V)zf(xo) =h’'Ah
is positive for all h # 0, that is, if A is positive definite. By Theorem
2.3.12(2), A is positive definite if and only if its leading principal
minors are all positive. The conditions stated in (7.35) are therefore
sufficient for a local minimum at x,.

(h'V)*f(x,) < 0 if and only if A is negative definite, or —A is positive
definite. Now, a leading principal minor of order m (=1,2,...,n) of
—A is equal to (—1)" multiplied by the corresponding leading princi-
pal minor of A. This leads to conditions (7.36).

If A is neither positive definite nor negative definite, then (h’V)*f(x,)
must change sign inside a neighborhood of x,,. This makes x,, a saddle
point. O

A Special Case

If f is a function of only n = 2 variables, x; and x,, then conditions (7.35)
and (7.36) can be written as:

i. f1,>0,ffn—f5>0 for alocal minimum at x,.
ii. £, <0, fn—f5> 0 for a local maximum at x,.

If f,,f» —f% <0, then x, is a saddle point, since in this case

d*f(x I f(x I f(x

wan 1O o PO 2 )

dx; 0x, 0x, dx;
zﬂzf(xo)

912 (hy —ahy)(h, —bh,),
1

where ah, and bh, are the real roots of the equation h’Ah = 0 with respect

to h,.

Hence, h'Ah changes sign in a neighborhood of 0.

If f,,f» —f% =0, then h'Ah can be written as

P [, L )/ 0% s |
oxt [T A (xg) fox

h'Ah =

provided that d%f(x,)/dx? #0. Thus h’Ah has the same sign as that of
3*f(x,)/dx} except for those values of h = (h,, h,)’" for which

3%f(x,) /dx, dx
RS VT

0°f(xo) /oxt
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in which case it is zero. In the event d2f(x,)/dx; =0, then 9°f(x,)/dx, dx,
=0, and h'Ah =h3 9°f(x,)/dx35, which has the same sign as that of
3°f(x,)/dx3, if it is different from zero, except for those values of h =
(hy, h,)" for which h, =0, where it is zero. It follows that when f,, f,, —f5 =
0, h’Ah has a constant sign for all / inside a neighborhood of 0. However, it
can vanish for some nonzero values of h. For such values of h, the sign of
f&x,+h) —f(x,) depends on the signs of higher-order partial derivatives
(higher than second order) of f at x,,. These can be obtained from Taylor’s
expansion. In this case, no decision can be made regarding the nature of the
stationary point until these higher-order partial derivatives (if they exist) have
been investigated.

ExXAMPLE 7.7.1. Let f: R* > R be the function f(x,, x,) =x{+2x3 —x,.
Consider the equations

d
—f=2x]—1=0,
X
J
—f=4x2=0.
ax,

The only solution is x, = (0.5,0)". The Hessian matrix is
2 o
a-[5 4
which is positive definite, since 2> 0 and det(A) =8 > 0. The point x, is
therefore a local minimum. Since it is the only one in R?, it must also be the
absolute minimum.

EXAMPLE 7.7.2. Consider the function f: R® - R, where

(1, %y, %3) = 3x3 +2x3 +x7 — 2x,x, + 3%, %5 + X, X5

—10x, +4x, — 6x; + 1.

A stationary point must satisfy the equations

of
(9—)61 =x?—2x,4+3x;—10=0, (7.37)
of
— = —2x,+4x,+x;+4=0, (7.38)
dx,
of
— =3x;+x,+2x;—6=0. (7.39)

0x;
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From (7.38) and (7.39) we get
X,=x,—2,
X3=4-2x,.
By substituting these expressions in equation (7.37) we obtain
xi—8x,+6=0.

This equation has two solutions, namely, 4 — Y10 and 4 + V10 . We therefore
have two stationary points,

x() = (4+V10,2+v10,-4-2/10)’,
xP =(4-V10,2-V10,-4+2/10)".
Now, the Hessian matrix is
-2 3
A=| -2 4 1|
1 2
Its leading principal minors are 2x,,8x, — 4, and 14x, — 56. The last one is
the determinant of A. At x{" all three are positive. Therefore, x{" is a point
of local minimum. At x{’ the values of the leading principal minors are 1.675,
2.7018, and —44.272. In this case, A is neither positive definite over negative
definite. Thus x{? is a saddle point.

7.8. THE METHOD OF LAGRANGE MULTIPLIERS

This method, which is due to Joseph Louis de Lagrange (1736—1813), is used

to optimize a real-valued function f(x,,x,,...,x,), where x, x,,..., x, are
subject to m (< n) equality constraints of the form
gi(x,xy,...,x,)=0,
8a(xy,%5,...,x,) =0,
B (7.40)

8m(X15 X250, %,) =0,

where g4, g,,...,8,, are differentiable functions.
The determination of the stationary points in this constrained optimization
problem is done by first considering the function

F(x) =f(x) + g:l Agi(x), (7.41)
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where x=(x;, X,,...,x,) and A, A,,..., A, are scalars called Lagrange
multipliers. By differentiating (7.41) with respect to x, x,,..., x, and equat-
ing the partial derivatives to zero we obtain

oF J m g
T vaBle i—t2n (7.42)
dx; dx; 5 T dx;

Equations (7.40) and (7.42) consist of m + n equations in m + n unknowns,
namely, x;, x,,...,X,; A, Ay, ..., A,,. The solutions for x,, x,,..., x, deter-
mine the locations of the stationary points. The following argument explains
why this is the case:

Suppose that in equation (7.40) we can solve for m x,’s, for example,
Xy, Xy,...,X,,, in terms of the remaining n — m variables. By Theorem 7.6.2,
this is possible whenever

a(g17g27""gm)

# 0. (7.43)
(X1 Xy, ees Xp,)
In this case, we can write

Xy =h1(xm+17xm+2""7xn)7

Xy =My (Xpi1s Xppsnsees Xy)s
(7.44)

xm =hm(xm+l’xm+2""7xn)'
Thus f(x) is a function of only n —m variables, namely, x,,, 1, X, 125> X,

If the partial derivatives of f with respect to these variables exist and if f has
a local optimum, then these partial derivatives must necessarily vanish,
that is,

af m df dh;
= 4 — =, i=m+1,m+2,...,n. (7.45)
ax; 7 dh; dx;

Now, if equations (7.44) are used to substitute h,, k,,..., h,, for x;, x,,..., x
respectively, in equation (7.40), then we obtain the identities

m>

gl(h'l’hZ""’hm’xm-H’xm+27""xn) =0
gz(hlahza"'ahmaxm-ﬂ’xm+2""’xn) EO’
gm(hl’hZ"'"hm7xm+17xm+2""7'xn) =0.
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By differentiating these identities with respect to x,, .., X, 2,..-,%, W€
obtain

24 I8k ahj .

—+ ) ——=0, i=m+1,m+2,....,n;k=1,2,...,m. (7.46)
dx; ;) oh; dx;

Let us now define the vectors

0X, 01 0X,,40 ox,
Yi= &7&5""&),7

dh, dh, oh,,

dh; oh; dh;
Wi amerl’amerZ’“.’(;_xn

af of of
e &xm+1,axm+2’”.’(9_xn

of  of af \

), k=1,2,...,m,

k=1,2,...,m,

Equations (7.45) and (7.46) can then be written as

[8,:8,::dm]+[my:my::im, JT =0, (7.47)
U+ [y, ]T=0, (7.48)
where I' = [v,:y,: -+ :v,,], which is a nonsingular m X m matrix if condition
(7.43) is valid. From equation (7.47) we have
[nimyiim,] = _[81:82:”'58m]r_]-
By making the proper substitution in equation (7.48) we obtain
PY+[8,:8,::8,]A=0, (7.49)

where

(7.50)
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Equations (7.49) can then be expressed as

Z/\ =0, i=m+1,m+2,...,n. (7.51)

From equation (7.50) we also have

m J
+ 1A ag’ = i=1,2,...,m. (7.52)
j=1 X

Equations (7.51) and (7.52) can now be combined into a single vector
equation of the form

Vi(x) + ¥ A, Vg, =0
j=1

which is the same as equation (7.42). We conclude that at a stationary point
of f, the values of x, x,, ..., x, and the corresponding values of A, A,,..., A
must satisfy equations (7.40) and (7.42).

m

Sufficient Conditions for a Local Optimum
in the Method of Lagrange Multipliers

Equations (7.42) are only necessary for a stationary point x,, to be a point of
local optimum of f subject to the constraints given by equations (7.40).
Sufficient conditions for a local optimum are given in Gillespie (1954, pages
97-98). The following is a reproduction of these conditions:

Let x,, be a stationary point of f whose coordinates satisfy equations (7.40)
and (7.42), and let A, A,,..., A, be the corresponding Lagrange multipliers.
Let F;; denote the second-order partial derivative of F in formula (7.41) with
respect to x;, and x;, i,j=1,2,...,n; i #j. Consider the (m +n) X (m +n)
matrix

Fy Fy, - F, g g - gfyf)
Fy Fp - F, g? g? - g?
F, F, F,, (n) (n) 5:)
B, = (11) (22> () o8 ), (7.53)
81 &1 T8 0 0 0
g g - g 0 0 0
_gfnl) gr(f) gr(nn) 0 0 0 |
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where g =dg;/dx;, i=1,2,...,n; j=1,2,...,m. Let A, denote the deter-
minant of B,. Furthermore, let A,,A;,...,A,_,, denote a set of principal
minors of B, (see Definition 2.3.6), namely, the determinants of the principal
submatrices B,,B;,...,B where B, is obtained by deleting the first i — 1

sy —m>
rows and the first i — 1 columns of B, (i=2,3,...,n —m). All the partial
derivatives used in B;,B,,...,B,_,, are evaluated at x,. Then sufficient

conditions for x,, to be a point of local minimum of f are the following:

i. If m is even,

ii. If m is odd,

However, sufficient conditions for x, to be a point of local maximum are the
following:

i. If n is even,

A>0, A, <0,..., (=1)""A,_, <O0.
ii. If n is odd,

A <0,  A,>0,..., (-1)""A,,, >0.

ExAamPLE 7.8.1. Let us find the minimum and maximum distances from
the origin to the curve determined by the intersection of the plane x, +x; =0
with the ellipsoid x7 + 2x3 +x3 + 2x,x; = 1. Let f(x,, x,, x;) be the squared
distance function from the origin, that is,

fQxy, %y, x3) =x7 +x3 +x3.
The equality constraints are
81( Xy, %5, x3) =x, +x3=0,
(%), %5, x3) =xF+2x3 +x3 +2x,x, — 1 =0.
Then
F(xy,%y,%3) =xi + x5+ x5+ M(x, +x3)
+ A (X + 207 + x5+ 2x,x;, — 1),

oF
(?_)Cl =2x,+2M0x,=0, (754)
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F

— =2x, + A +22,(2x, +x5) =0, (7.55)
F

8_=2x3+)\1 +2M,(x, +x5) =0. (7.56)
X3

Equations (7.54), (7.55), and (7.56) and the equality constraints are satisfied
by the following sets of solutions:

L x;=0,x,=Lx;=—-1A=21=-2.
I x;,=0,x,=—1Lx;=1, A =—=2,A,= =2,
ImI. x,=1,x,=0,x;=0,A,=0,A,= — 1.
IV. x,= -1,x,=0,x;=0,A4,=0,A,= —1.

To determine if any of these four sets correspond to local maxima or
minima, we need to examine the values of A, A,,..., A, _, . Here, the matrix
B, in formula (7.53) has the value

n

2424, 0 0 0 2x,

0 2 +4a, 2\, 1 4x,+2x,

B, = 0 2\, 2+2A, 1 2x,+2x;
0 1 1 0 0
2x, 4x,+2x5; 2x,+2x; 0 0

Since n =3 and m =2, only one A,, namely, A,, the determinant of B, is
needed. Furthermore, since m is even and # is odd, a sufficient condition for
a local minimum is A, > 0, and for a local maximum the condition is A; <0.
It can be verified that A, = —8 for solution sets I and II, and A, =8 for
solution sets III and IV. We therefore have local maxima at the points
(0,1,— 1 and (0,— 1,1) with a common maximum value f, . =2. We also
have local minima at the points (1,0,0) and (—1,0,0) with a common
minimum value f,;, = 1. Since these are the only local optima on the curve of
intersection, we conclude that the minimum distance from the origin to this
curve is 1 and the maximum distance is V2.

7.9. THE RIEMANN INTEGRAL OF A MULTIVARIABLE FUNCTION

In Chapter 6 we discussed the Riemann integral of a real-valued function of
a single variable x. In this section we extend the concept of Riemann

integration to real-valued functions of n variables, x, x,,..., X,,.
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Definition 7.9.1. The set of points in R" whose coordinates satisfy the
inequalities

a;<x,<b, i=1,2,...,n, (7.57)
where a; <b;, i=1,2,...,n, form an n-dimensional cell denoted by c,(a, b).
The content (or volume) of this cell is T1!_,(b; —a;) and is denoted by

wle,(a,b)].

Suppose that P; is a partition of the interval [a;, b;], i=1,2,...,n. The
Cartesian product P= X’_, P, is a partition of c,(a,b) and consists of
n-dimensional subcells of ¢, (a, b). We denote these subcells by §,, S,,...,S,.

The content of §; is denoted by u(S;), i =1,2,..., v, where v is the number
of subcells. O

We shall first define the Riemann integral of a real-valued function f(x)
on an n-dimensional cell; then we shall extend this definition to any bounded
region in R”".

7.9.1. The Riemann Integral on Cells

Let f: D — R, where D CR". Suppose that ¢,(a, b) is an n-dimensional cell
contained in D and that f is bounded on c¢,(a,b). Let P be a partition of
c,(a, b) consisting of the subcells S, S,,...,S,. Let m; and M, be, respec-

tively, the infimum and supremum of f on §;, i=1,2,...,v. Consider the
sums
LSp(f) = X m;u(S,), (7.58)
i=1
USp(f) = Z M; u(S;). (7.59)
i=1

We note the similarity of these sums to the ones defined in Section 6.2. As
before, we refer to LS,(f) and US,(f) as the lower and upper sums,
respectively, of f with respect to the partition P.

The following theorem is an n-dimensional analogue of Theorem 6.2.1.
The proof is left to the reader.

Theorem 7.9.1. Let f: D — R, where D C R". Suppose that f is bounded
on c¢,(a,b) CD. Then f is Riemann integrable on c,(a, b) if and only if for
every € > 0 there exists a partition P of c,(a, b) such that

USp(f) —LSp(f) <e.

Definition 7.9.2. Let P, and P, be two partitions of c,(a, b). Then P, is
a refinement of P, if every point in P, is also a point in P,, that is, P, CP,.
O
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Using this definition, it is possible to prove results similar to those of
Lemmas 6.2.1 and 6.2.2. In particular, we have the following lemma:

Lemma 7.9.1. Let f: D — R, where D CR". Suppose that f is bounded
on c,(a,b) CD. Then sup, LS,(f) and inf, US,(f) exist, and

supLS,(f) < infUSp(f).
5 J2

Definition 7.9.3. Let f: c,(a,b) - R be a bounded function. Then f is
Riemann integrable on ¢,(a, b) if and only if

supLSp(f) = infUSp(f). (7.60)
P P

Their common value is called the Riemann integral of f on c¢,(a,b) and is
denoted by [, ., , f(X)dx. This is equivalent to the expression []1[]2
JorfCey, Xy, .05 X,) dxy dx, -+ dx,,. For example, for n =2,3 we have

f (a’b)f(x) dx=/b1fb2f(xl,x2)dx1 dx, (7.61)

4 ay; “a,

by by bs
f( b)f(x) dx=f 1] 2/ S (X1, %5, x3) dxy dx, dxs. (7.62)
The integral in formula (7.61) is called a double Riemann integral, and the
one in formula (7.62) is called a triple Riemann integral. In general, for
n=2, [ nf(dxis called an n-tuple Riemann integral. O

The integral [, , , f(x) dx has properties similar to those of a single-varia-
ble Riemann integral in Section 6.4. The following theorem is an extension of
Theorem 6.3.1.

Theorem 7.9.2. If f is continuous on an n-dimensional cell ¢,(a, b), then
it is Riemann integrable there.

7.9.2. Iterated Riemann Integrals on Cells

The definition of the n-tuple Riemann integral in Section 7.9.1 does not
provide a practicable way to evaluate it. We now show that the evaluation of
this integral can be obtained by performing » Riemann integrals each of
which is carried out with respect to one variable. Let us first consider the
double integral as in formula (7.61).

Lemma 7.9.2. Suppose that f is real-valued and continuous on c,(a, b).
Define the function g(x,) as

g(x,) :/;b]f(xpxz) dx;.

Then g(x,) is continuous on [a,, b, ].
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Proof. Let €>0 be given. Since f is continuous on c,(a, b), which is
closed and bounded, then by Theorem 7.3.2, f is uniformly continuous on
¢,(a, b). We can therefore find a 8> 0 such that

[1(8) = ()] <

1~ %

if |IE€—mll <3, where §=(xy,x,), n=(y,y,), and x;,y, €la;, b1, x,,y,
€la,, b,]. Tt follows that if |y, —x,| < 8§, then

|g(Y2) _g(xz)lz‘j;bl[f(xlah) _f(xpxz)] dx

S'/;bllf(xu)’z) —f(xl,x2)|dx1

b, €
< 7.63
f T (7.63)

since [I(xy,y,) — (x, x,)'ll= 1y, —x,| < 8. From inequality (7.63) we con-
clude that

lg(y2) —8(x,)|<e

if |y, —x,| < 8. Hence, g(x,) is continuous on [a,, b,]. Consequently, from
Theorem 6.3.1, g(x,) is Riemann integrable on [a,, b,], that is, [,2g(x,) dx,
exists. We call the integral

[st) e [ [ [ f()dx}dx (7.64)

an iterated integral of order 2. O

The next theorem states that the iterated integral (7.64) is equal to the
double integral [, , 4 f(x)dx.

Theorem 7.9.3. If f is continuous on c,(a, b), then

f f(x)dX:/;bz[/ublf(xuxz)dxl}dx2~

cy(a,b)
Proof. Exercise 7.22. O

We note that the iterated integral in (7.64) was obtained by integrating
first with respect to x,, then with respect to x,. This order of integration
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could have been reversed, that is, we could have integrated f with respect to
x, and then with respect to x,. The result would be the same in both cases.
This is based on the following theorem due to Guido Fubini (1879-1943).

Theorem 7.9.4 (Fubini’s Theorem). If f is continuous on c¢,(a, b), then

/; f(x) dx= Lbz[jjlf(xl’ X5) dxl} dx, = fabl[fabzf(xn X5) dxz} dx,

2(“ s b)

Proof. See Corwin and Szczarba (1982, page 287). a

A generalization of this theorem to multiple integrals of order n is given
by the next theorem [see Corwin and Szczarba (1982, Section 11.1)].

Theorem 7.9.5 (Generalized Fubini’s Theorem). If f is continuous on
c(a,b)={xla;<x,<b;, i=1,2,...,n}, then

1 =1 =D

b.
X) dx = 'f(x) dx; | dx;, i=1,2,...,n,
L8 Ly o L0005
where dx, =dx, dx, -~ dx;,  dx;,, - dx, and c’,(a,b) is an (n—1)-
dimensional cell such that a, <x, <b,a,<x,<b,,...,a;,_; <x;_| <

b_,a;,,0 <x; 1 <by,...,a,<x,<b,.

7.9.3. Integration over General Sets

We now consider n-tuple Riemann integration over regions in R” that are
not necessarily cell shaped as in Section 7.9.1.

Let f: D—>R be a bounded and continuous function, where D is a
bounded region in R". There exists an n-dimensional cell ¢,(a, b) such that
D cc,(a,b). Let g: c,(a,b) = R be defined as

_|f(x), x€D,
g(x)_{o, x&D.

Then

/ g(x) dx= fD £(x) dx. (7.65)

c,(a,

The integral on the right-hand side of (7.65) is independent of the choice of
¢,(a, b) provided that it contains D. It should be noted that the function g(x)
may not be continuous on Br(D), the boundary of D. This, however, should
not affect the existence of the integral on the left-hand side of (7.65). The
reason for this is given in Theorem 7.9.7. First, we need to define the
so-called Jordan content of a set.
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Definition 7.9.4. Let D CR" be a bounded set such that D Cc¢,(a, b) for
some n-dimensional cell. Let the function A,: R" — R be defined as

1, xeD,
’\D(X)z{o x&D.

This is called the characteristic function of D. Suppose that

supLSp(Ap) = infUSp(Ap), (7.66)
P P

where LS,(A,) and USp(Ap) are, respectively, the lower and upper sums of
Ap(x) with respect to a partition P of c,(a,b). Then, D is said to have an
n-dimensional Jordan content denoted by u,(D), where w;(D) is equal to the
common value of the terms in equality (7.66). In this case, D is said to be
Jordan measurable. a

The proofs of the next two theorems can be found in Sagan (1974, Chapter
1D).

Theorem 7.9.6. A bounded set D C R" is Jordan measurable if and only
if its boundary Br(D) has a Jordan content equal to zero.

Theorem 7.9.7. Let f: D — R, where D CR" is bounded and Jordan
measurable. If f is bounded and continuous in D except on a set that has a
Jordan content equal to zero, then [, f(x) dx exists.

It follows from Theorems 7.9.6 and 7.9.7 that the integral in equality (7.75)
must exist even though g(x) may not be continuous on the boundary Br(D)

of D, since Br(D) has a Jordan content equal to zero.

ExaMPLE 7.9.1. Let f(x,,x,) =x,x, and D be the region
D ={(x;,x,)lxf +x3 <1, x, 20, x,>0}.
It is easy to see that D is contained inside the two-dimensional cell
c,(0,1) ={(x,x,)10<x; <1,0<x, < 1}.

Then

ffDx]xz dx, dx, = /01[/0(1_"%)1/2&)62 dxz] dx,.
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We note that for a fixed x, in [0, 1], the part of the line through (x,,0) that
lies inside D and is parallel to the x,-axis is in fact the interval 0 <x, <
(1 —x7)'/%. For this reason, the limits of x, are 0 and (1 —x{)'/2. Conse-

quently,
fol[fou—xf)m s dxz} f [/(1 —x? )1/2 ]dxl
=%f01x1(1—x]2)dx,

0=

In practice, it is not always necessary to make reference to c,(a, b) that
encloses D in order to evaluate the integral on D. Rather, we only need to
recognize that the limits of integration in the iterated Riemann integral
depend in general on variables that have not yet been integrated out, as was
seen in Example 7.9.1. Care should therefore be exercised in correctly
identifying the limits of integration. By changing the order of integration
(according to Fubini’s theorem), it is possible to facilitate the evaluation of
the integral.

ExampLE 7.9.2. Consider [ [, e dx, dx,, where D is the region in the
first quadrant bounded by x, =1 and x, =x,. In this example, it is easier to
integrate first with respect to x, and then with respect to x,. Thus

[t [ e
= j(;lxze"z

= i(e-1).

ExaMPLE 7.9.3. Consider the integral [fD(x1 +x3) dx, dx,, where D is a
region in the first quadrant bounded by x, =x? and x, =x3. Hence,

ffD(xlz+x§)dx1 dx2=/01[/xl/g(x12+x§)dxl}dx2

7.9.4. Change of Variables in r-Tuple Riemann Integrals

In this section we give an extension of the change of variables formula in
Section 6.4.1 to n-tuple Riemann integrals.
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Theorem 7.9.8. Suppose that D is a closed and bounded set in R". Let
f: D — R be continuous. Suppose that h: D — R" is a one-to-one function
with continuous first-order partial derivatives such that the Jacobian determi-
nant,

d(hy,hy,... k)
det = )
[0 (X Xp,. 00y X,)
is different from zero for all x in D, where x = (x, x,,...,x,)" and A; is the

ith element of h(i =1,2,...,n). Then

J 1 dx=[ flg(w)]]det (w)|du, (7.67)
D D'
where D’ = h(D),u = h(x), g is the inverse function of h, and
(8158255 8n)
det = , 7.68
etdy(w) AUy, Uy, ly,) ( )
where g; and u; are, respectively, the ith elements of gandu (i = 1,2,...,n).

Proof. See, for example, Corwin and Szczarba (1982, Theorem 6.2), or
Sagan (1974, Theorem 115.1). |

ExaMPLE 7.9.4. Consider the integral [ [,x,x3 dx, dx,, where D is
bounded by the four parabolas, x3 =x,, x3 =3x,, X} =x,, x} = 4x,. Let u, =
x3/x,, U, =xi/x,. The inverse transformation is given by

1/3 1/3
xy=(wu3) 7, xy=(ujuy) .
From formula (7.68) we have
(81> 82) _ d(xy,x,) _ _l
Iuy,uy)  d(uy,uy) 3

By applying formula (7.67) we obtain

[ [ xid deidvy =5 [ | wiPud’ du, dus,

where D’ is a rectangular region in the u,u, space bounded by the lines
u, =1,3; u,=1,4. Hence,

3 4
/fDx1x§ dx, dx, = %j; uy’? dulj; uy? du,

= GGV @ ).
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7.10. DIFFERENTIATION UNDER THE INTEGRAL SIGN

Suppose that f(x,, x,,..., x,) is a real-valued function defined on D C R". If
some of the x,’s, for example, x,,, 1, X,,42,---, %, (n>m), are integrated out,
we obtain a function that depends only on the remaining variables. In this
section we discuss conditions under which the latter function is differen-
tiable. For simplicity, we shall only consider functions of n = 2 variables.

Theorem 7.10.1. Let f: D — R, where D CR? contains the two-dimen-
sional cell c¢,(a,b)={(x,, x,)la, <x, <b,,a, <x, <b,}. Suppose that f is
continuous and has a continuous first-order partial derivative with respect to
x, in D. Then, for a, <x, <b,,

df f(xp,3,) dey = ]b]M dx,. (7.69)

2‘11

Proof. Let h(x,) be defined on [a,, b,] as
b, af(xl > xz)
h(x2)=jal &—xzdxl, a,<x,<b,.

Since df/dx, is continuous, then by Lemma 7.9.2, h(x,) is continuous on
[a,,b,]. Now, let ¢ be such that a, <t <b,. By integrating h(x,) over the
interval [a,, t] we obtain

fth(xz)dxzzft[fblwdﬁ}dxz- (7.70)

az 1 &xz

The order of integration in (7.70) can be reversed by Theorem 7.9.4. We than
have

fth(xz) dx2=fbl[ft 5f(x1,x2) z}dxl

a, a a,

—ffl[f(xl,t) =) dr,

:fblf(xl,t) dx, _fblf(xl,az) dx,

— F(t) —F(a,), (7.71)
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where F(y) = [abll f(x,,y)dx,. If we now apply Theorem 6.4.8 and differenti-
ate the two sides of (7.71) with respect to ¢ we obtain h(¢) = F'(¢), that is,

b, af( xl ’ t) d by
LIT&]—ELIf(xl,t)dx]. (7.72)
Formula (7.69) now follows from formula (7.72) on replacing ¢ with x,. O

Theorem 7.10.2. Let f and D be the same as in Theorem 7.10.1.
Furthermore, let A(x,) and 6(x,) be functions defined and having continu-
ous derivatives on [a,, b,] such that a; < Mx,) < 0(x,) <b, for all x, in
[a,, b,]. Then the function G: [a,, b,]— R defined by

0(x5)

G(x 2)—f S(x1x0) d,

is differentiable for a, <x, <b,, and

dG  gr,) If (X1,
@ =fA< Z)del+ 0'(x) f[0(x2), %] = X' (x) F[A(x,), %, ].

(x,) ox,

Proof. Let us write G(x,) as H(A, 6, x,). Since both of A and 6 depend on
X,, then by applying the total derivative formula [see formula (7.12)] to H we
obtain

dH 9H d\ oH do JH 73
— =t ——+ —. .
de, oA dx, 90 dx,  ox, (7.73)

Now, by Theorem 6.4.8,

&H
99

oH Jd e
H_ﬁfl\f(xl’xz)dxl

’ /f(xwxz)d’ﬁ =f(8,x,),

d A
_afef(xlaxz)d’ﬁ: —f(A, xy).

Furthermore, by Theorem 7.10.1,

oH 0 9f(xy,x,)
&xz ﬁxsz(xl,xz)dx f— 1
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By making the proper substitution in formula (7.73) we finally conclude that

0(xs) ﬁf(xu 2)

d %
dxzf;i)f( 1 ¥2) dry = f dx; +0'(x) [ 0(x;), x, ]

- /\’(xz)f[)‘(xz)’xz]~ U
ExampLE 7.10.1.
d COs X, ) COS X,
- — X = X
i, L% (x,x3 —1) e 1 dx, g 2x,x, e 1 dx,

— sin x,(x3 cos x, — 1) e~ %2
—2xy(x5—1)e”

Theorems 7.10.1 and 7.10.2 can be used to evaluate certain integrals of the
form [?f(x) dx. For example, consider the integral

_ (T2
I—fox cos xdx.

Define the function

F(x,) zfo cos(x,x,) dx,,

where x, > 1. Then

X\ =m

1
= —sin(7x,).
=0 X2

1
F(x;) = x—51n(x1x2)
2

If we now differentiate F(x,) two times, we obtain

2sin(mx,) — 27x, cos(mx,) — m2x3 sin(7x,)

FU —
(x2) x%

Thus

2mx, cos(mx,) + wix; sin(mwx,) — 231n(77x2)

T
f x7 cos(x,x,) dx, =
0

xz
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By replacing x, with 1 we obtain

T
I=f x?cos x, dx, = —27.
0

7.11. APPLICATIONS IN STATISTICS

Multidimensional calculus provides a theoretical framework for the study of
multivariate distributions, that is, joint distributions of several random vari-
ables. It can also be used to estimate the parameters of a statistical model.
We now provide details of some of these applications.

Let X=(X,, X,,...,X,)" be a random vector. The distribution of X is
characterized by its cumulative distribution function, namely,

F(x)=P(X,<x, X, <x5,...,X,<x,), (7.74)

where x = (x;, x,,...,x,)". If F(x) is continuous and has an nth-order mixed
partial derivative with respect to x,, x,,..., x,,, then the function

is called the density function of X. In this case, formula (7.74) can be written
in the form

F =" [ [ fm) aa.

where z =(z, z,,...,2,). If the random variable X; (i =1,2,...,n) is con-
sidered separately, then its distribution function is called the ith marginal
distribution of X. Its density function f,(x,), called the ith marginal density
function, can be obtained by integrating out the remaining n — 1 variables
from f(x). For example, if X = (X}, X,)’, then the marginal density function
of X, is

filx) = _/; f(xy, xy) dx,.
Similarly, the marginal density function of X, is

F(x3) =/icf(x1ax2) dx,.
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In particular, if X, X,,..., X, are independent random variables, then the
density function of X = (X, X,,..., X,)" is the product of all the associated
marginal density functions, that is, f(x) =TT, f,(x,).

If only n—2 variables are integrated out from f(x), we obtain the
so-called bivariate density function of the remaining two variables. For
example, if X =(X,, X,, X;, X,)’, the bivariate density function of x, and
X, 1S

fi2(x15%7) :f_ f_ J(xps %y, x5, x4) dxy dxy.

Now, the mean of X = (X, X,,..., X,)" is p=(uy, 4y, ..., i,)', where

Mi=f x fi(x;) dx;, i=1,2,...,n

The variance—covariance matrix of X is the n X n matrix ¥ = (g;;), where

;= f,m/,m(xi - l"’i)(xj - /*Lj)fij(xi’ xj) dx; dxj»

where w; and w; are the means of X; and X, respectively, and f;(x;, x;) is
the bivariate density function of X; and X, i#j. If i=/, then o, is the
variance of X, where

U'iizf_ (xi_/“‘“i)zfi(xi)dxi’ i=1,2,...,n.

7.11.1. Transformations of Random Vectors

In this section we consider a multivariate extension of formula (6.73) regard-
ing the density function of a function of a single random variable. This is
given in the next theorem.

Theorem 7.11.1. Let X be a random vector with a continuous density
function f(x). Let g: D —» R", where D is an open subset of R” such that
P(X e D) =1. Suppose that g satisfies the conditions of the inverse function
theorem (Theorem 7.6.1), namely the following:

i. g has continuous first-order partial derivatives in D.
ii. The Jacobian matrix J,(x) is nonsingular in D, that is,

(81,8255 8n)
det[Jg(x)] = Pt #0

for all x € D, where g, is the ith element of g (i =1,2,...,n).
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Then the density function of Y = g(X) is given by

h(y) =flg”' ()] |det[J, ()] .

! is the inverse function of g.

where g~

Proof. By Theorem 7.6.1, the inverse function of g exists. Let us therefore
write X = g~ !(Y). Now, the cumulative distribution function of Y is

H(y) =P[g/(X) <yi, &(X)<y5,..., g,(X)<y,]

- fA f(x) dx, (7.75)

where A, ={xeDlg,x) <y, i=1,2,...,n}. If we make the change of vari-
able w = g(x) in formula (7.75), then, by applying Theorem 7.9.8 with g~'(w)
used instead of g(u), we obtain

dx= -1 d -1 d
J, f0dx= [ flg™ (]|det[3g ()] [aw.
where B, =g(A4,) ={g®)|g,(x) <y, i=1,2,...,n}. Thus

Hy = [ [ [ g7 )] |det[3 ()] [aw.
It follows that the density function of Y is

(gt et n8nt)
(?(y17y2""’yn)

h(y) =flg ' (y)] , (7.76)

! is the ith element of g~! (i=1,2,...,n). O

where g;

ExampLE 7.11.1. Let X=(X,, X,)’, where X, and X, are independent
random variables that have the standard normal distribution. Here, the
density function of X is the product of the density functions of X, and X,.
Thus

, —0 <Xy, X, <00,

1 1
f(x) = Zexp[— E(x]2 +x?

Let Y= (Y},Y,)" be defined as
Y, =X, +X,,
Y, =X, -2X,.
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In this case, the set D in Theorem 7.11.1 is R?, g,(x) =x, +x,, g,(x) =x, —
2x,, &7'® =x, = 3Qy; +y,), & '® =x,=3(y; —y,), and

0(g1 ’gz )=det
(9(y1,y2)

W= W

Hence, by formula (7.76), the density function of y is

1 L2y 49\ 1yi—» 1
) = 5o 5 (52 -3 (252 43
1 1
= 5n 5P _E(SY1+2)’1)’2+2)’2) Ty, Y <®.

ExamMpPLE 7.11.2. Suppose that it is desired to determine the density
function of the random variable V=X, + X,, where X, >0, X, >0, and
X =(X,, X,) has a continuous density function f(x,x,). This can be
accomplished in two ways:

i. Let Q(v) denote the cumulative distribution function of V" and let g(v)
be its density function. Then

O(v) =P(X, +X, <v)
=fff(x1’x2) dx, dx,,
A
where A ={(x,, x,)lx; >0, x,>0, x; +x, <v}. We can write Q(v) as
o) = ['| [ fron) |

If we now apply Theorem 7.10.2, we obtain
v—X,
0= = [ [ ) |

=f0”f(u—x2,x2) d,. (7.77)

ii. Consider the following transformation:

Y, =X, +X,,
Y,=X,.
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Then
X, =Y -Y,
X,=Y,.

By Theorem 7.11.1, the density function of Y = (Y,,Y,)’ is

(7(x1ax2)
h(y1,y2) =f(¥1=Y2:¥2) 3(y1,9,)
=f(y1=¥2,¥2) det[(l) _H‘

=f(y1=Y2,Y2), Y12y, =0.

By integrating y, out we obtain the marginal density function of
Y, =V, namely,

q(v) =fouf()’1 _Y2>Y2)dY2=f0Uf(U_x2>x2)dx2-

This is identical to the density function given in formula (7.77).

7.11.2. Maximum Likelihood Estimation

Let X, X,,..., X, be a sample of size n from a population whose distribu-
tion depends on a set of p parameters, namely 6, 6,,..., 6,. We can regard
this sample as forming a random vector X = (X, X,,..., X,)". Suppose that
X has the density function f(x,0), where x=(x,x,,...,x,) and 0=
(6, 0,,...,6,)". This density function is usually referred to as the likelihood
function of X; we denote it by L(x, 0). A
For a given sample, the maximum likelihood estimate of 0, denoted by 6,
is the value of 0 that maximizes L(x, 0). If L(x, ) has partial derivatives with
respect to 6y, 6,,..., 6,, then 0 is often obtained by solving the equations

JL x,ﬁ
L8
a0,

1

, i=1,2,...,p.

In most situations, it is more convenient to work with the natural logarithm
of L(x,0); its maxima are attained at the same points as those of L(x,0).
Thus O satisfies the equation

9 log[ L(x,0)]
a0,

L

=0, i=1,2,...,p. (7.78)

Equations (7.78) are known as the likelihood equations.
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ExampLE 7.11.3. Suppose that X, X,,..., X, form a sample of size n

from a normal distribution with an unknown mean u and a variance o 2.

Here, 8 = (u, 0%)’, and the likelihood function is given by

1 1 =
L(x,0) = —exp| — Y (x—n),
(2ma?)"? 207 5

Let L*(x,0) =log L(x,0). Then
1

20'21.

L*(x,0) = — _i (x;,— ,u)z - %10g(2770’2).

The likelihood equations in formula (7.78) are of the form

JdL* 1 =z )
P Y (x;—f)=0 (7.79)
i=1
JdL* 1 2 2 n
(90_2 = 26’4 Z (xi—,u,) —F=0. (780)
1

Equations (7.79) and (7.80) can be written as
n(%—p) =0, (7.81)

(x,— )’ —né?=0, (7.82)

P

l

where X =(1/n)X}_,x,. If n>2, then equations (7.81) and (7.82) have the
solution

L=x

These are the maximum likelihood estimates of w and o2, respectively.

It can be verified that i and &2 are indeed the values of u and o2 that
maximize L*(x,0). To show this, let us consider the Hessian matrix A of
second-order partial derivatives of L* (see formula 7.34),

J92L* 9°L*
c?uz p do 2
| oerrn 92L*

p do? dot
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Hence, for =i and o2 =62,

d2L* n
07/.L2 6%’
JL* 1
= T A Z (xi_/:(’) =07
ﬁ/.LﬁO'z Gt io1
JL* n
Jot  26°

Thus ¢2L* /du? <0 and det(A) =n?/26° > 0. Therefore, by Corollary 7.7.1,
(&, 6?) is a point of local maximum of L*. Since it is the only maximum, it
must also be the absolute maximum.

Maximum likelihood estimators have interesting asymptotic properties.
For more information on these properties, see, for example, Bickel and
Doksum (1977, Section 4.4).

7.11.3. Comparison of Two Unbiased Estimators

Let X, and X, be two unbiased estimators of a parameter w. Suppose that
X =(X,, X,) has the density function f(x,,x,), —© <x,, x, <. To com-
pare these estimators, we may consider the probability that one estimator, for
example, X, is closer to u than the other, X,, that is,

=P[IX, — pl <IX, — ul].

This probability can be expressed as

p=ffo(xl,x2)dx1 dx,, (7.83)

where D ={(x, x,)| |x; — u| <lx, —pul}. Let us now make the following
change of variables using polar coordinates:

X, —m=rcosé, X, — m=rsin 0.

By applying formula (7.67), the integral in (7.83) can be written as

(¥, %2)
p=Jf 805y

=ff g(r,0)rdrd6,
b

drd6
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where g(r, 0) =f(u+rcos 0, u+rsin 0) and
T 3w Sw 7
D’{(r, 0)|0$r<00,z <0< e <6< T}
In particular, if X has the bivariate normal density, then
1

f(x,x,) =
v 2770'1(72(1—;)2)1/2

1 [(xl —w)’ 2p(x =) (x5~ )

Xexp{— 5

2(1 - pz) o 0,0,
2
(%= w) 1}
+ |}, = <X, x, <,
)
and
(r,0) :
g\r,0)=
27y 0,(1 pz)l/2
r? cos’f 2pcosfsin@ sin’ 0
X exp{ — - + 5
2(1-p%)| of o0, o)

where o and o) are the variances of X, and X,, respectively, and p is

their correlation coefficient. In this case,

p =z]3”/4[f0°°g(r, 0)rdr} de.

/4

It can be shown (see Lowerre, 1983) that

1/2
1 20,05(1—p?)
p=1— —Arctan 3 (7.84)
T o; — Oy

if o, > o,. A large value of p indicates that X, is closer to u than X,, which
means that X, is a better estimator of w than X,.

7.11.4. Best Linear Unbiased Estimation

Let X, X,,..., X, be independent and identically distributed random vari-
ables with a common mean w and a common variance o 2. An estimator of
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the form ¢ = Y7 ja;X;, where the a;s are constants, is said to be a linear
estimator of . This estimator is unbiased if E(¢p) = p, that is, if X7, a,=1,
since E(X;)=pu for i=1,2,...,n. The variance of ¢ is given by

n

Var(¢)=o? Y a?.

i=1

The smaller the variance of dAb, the more efficient (13 is as an estimator of p.
In particular, if a;,a,,...,a, are chosen so that Var(¢) attains a minimum
value, then ¢ will have the smallest variance among all unbiased linear
estimators of u. In this case, ¢ is called the best linear unbiased estimator
(BLUE) of pu.

Thus to find the BLUE of u we need to minimize the function f=Y!_,a?
subject to the constraint 2.7, a; = 1. This minimization problem can be solved
using the method of Lagrange multipliers. Let us therefore write F [see
formula (7.41)] as

n
F=)Y al+A Zal——l),
i=1 i=1
JF
— =2a;,+A=0, i=1,2,...,n
da;
Hence, a;= —A/2 (i=1,2,...,n). Using the constraint X7 ,a; =1, we con-
clude that A= —2/n. Thus a,=1/n, i=1,2,...,n. To verify that this
solution minimizes f, we need to consider the signs of A, A,,..., A, _,,

where A, is the determinant of B, (see Section 7.8). Here, B, is an (n + 1) X
(n + 1) matrix of the form

B, =
T, o0

21, 1n}

It follows that
n
A= det(Bl) = — T <0,
(n— 1)2”‘1

A= —— <0,
2 2

—-22<0.

"2
I

n—1

Since the number of constraints, m =1, is odd, then by the sufficient
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conditions described in Section 7.8 we must have a local minimum when
a;=1/n,i=1,2,...,n. Since this is the only local minimum in R", it must be
the absolute minimum. Note that for such values of a;,a,,...,a,, ¢ is the

sample mean X,. We conclude that the sample mean is the most efficient (in
terms of variance) unbiased linear estimator of wu.

7.11.5. Optimal Choice of Sample Sizes in Stratified Sampling

In stratified sampling, a finite population of N units is divided into r
subpopulations, called strata, of sizes N, N,,..., N,. From each stratum a
random sample is drawn, and the drawn samples are obtained independently
in the different strata. Let n; be the size of the sample drawn from the ith
stratum (i =1,2,...,r). Let y, i denote the response value obtained from the
jth unit within the ith stratum (i = 1,2,...,r; j=1,2,..., n,). The population
mean Y is

_ 1N 1 _
YZ_Z yi‘=_ZMYi!
N3 5 "N
where Y, is the true mean for the ith stratum (i=1,2,...,7). A stratified

1

estimate of Y is ¥, (st for stratified), where
1 r
jo.=— Y Ny,
yst N i=21 lyl

in which j,=(1/n)¥}.,y,; is the mean of the sample from the ith stratum

(i=1,2,...,r). If, in every stratum, y, is unbiased for Y, then y  is an
unbiased estimator of Y. The variance of y is

1 r
Var(jy) = 7 2 N? Var(3,).
i=1

Since y; is the mean of a random sample from a finite population, then its
variance is given by (see Cochran, 1963, page 22)

S2
Var(ii)=n—f(1—ﬁ), i=1,2,...,r,

where f,=n,/N,, and
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Hence,

r 1
Var()_’st) = Z _L%Siz(l _fi)’
i-1 1

i

where L,=N./N (i=1,2,...,r).

The sample sizes n,, n,, ..., n, can be chosen by the sampler in an optimal
way, the optimality criterion being the minimization of Var(j) for a speci-
fied cost of taking the samples. Here, the cost is defined by the formula

,
cost=c,+ ) c;n,
i=1

where c¢; is the cost per unit in the ith stratum (i =1,2,...,r) and ¢, is the
overhead cost. Thus the optimal choice of the sample sizes is reduced to

finding the values of ny,n,,...,n, that minimize X;_,(1/n,)L3S7(1—f)
subject to the constraint

Y. cn;=d—c,, (7.85)
i=1

where d is a constant. Using the method of Lagrange multipliers, we write

r 1 r
F=Y —L2S?(1—=f)+A Zcini—l—co—d)
i=1 M i=1
r 1 r 1 r
=Y —LiS}— Y —LiS?+ Al Y cn;+ ¢ —d).
i=1 i i-1 N i=1
Differentiating with respect to n; (i =1,2,...,r), we obtain
oF 1
— = — LS} + Ac; =0, i=1,2,...,r,
an; n;

Thus
ni:()‘ci)il/zLiSi, i=1,2,...,r.

By substituting #n; in the equality constraint (7.85) we get

Yi_iy/e LS,
\/X=L.
d—c,
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Therefore,

(d—cy)NS;

ez Vens;”

n i=1,2,...,r. (7.86)

It is easy to verify (using the sufficient conditions in Section 7.8) that the
values of ny,n,,...,n, given by equation (7.86) minimize Var(y,) under the
constraint of equality (7.85). We conclude that Var(y,) is minimized when n;,
is proportional to (1/4/c;)N;S; (i=1,2,...,r). Consequently, n; must be
large if the corresponding stratum is large, if the cost of sampling per unit in
that stratum is low, or if the variability within the stratum is large.
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EXERCISES
In Mathematics
7.1. Let f(x,, x,) be a function defined on R? as
x4 x4
—5-exp| — ? , XpF 0,

f(x,x) =4 X3
0, x,=0.

(a) Show that f(x,,x,) has a limit equal to zero as x=(x;, x,) =0
along any straight line through the origin.

(b) Show that f(x,;,x,) does not have a limit as x — 0.
7.2. Prove Lemma 7.3.1.
7.3. Prove Lemma 7.3.2.
7.4. Prove Lemma 7.3.3.

7.5. Consider the function

2 (X X )7&(0 0)
2 2 1542 s s
}(‘{1’;(2) 1 2

0, (x1,x,)=1(0,0).

(a) Show that f(x,, x,) is not continuous at the origin.
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7.6.

7.7.

7.8.

7.9.

(b) Show that the partial derivatives of f(x,, x,) with respect to x, and
x, exist at the origin.

[ Note: This exercise shows that a multivariable function does not have

to be continuous at a point in order for its partial derivatives to exist at

that point.]

The function f(x,, x,,..., x,) is said to be homogeneous of degree n in
Xy, X5, ..., X, if for any nonzero scalar ¢,

floe, ey, .. 00) =t f(x, Xy, .0y Xp)

for all x=(xy,x,,...,x;) in the domain of f. Show that if
f(xy, x,,...,x,) is homogeneous of degree n, then
k af

i=1 i

[ Note: This result is known as Euler’s theorem for homogeneous
functions.]

Consider the function

xix,
) = | w700

0, (x4,x,) =1(0,0).

(a) TIs f continuous at the origin? Why or why not?

(b) Show that f has a directional derivative in every direction at the
origin.

Let S be a surface defined by the equation f(x)=c,, where x=
(xq,x,,...,x,) and ¢, is a constant. Let C denote a curve on S given
by the equations x; = g,(1), x, = g,(8), ..., x, = g.(t), where
81,82, ---, 8 are differentiable functions. Let s be the arc length of C
measured from some fixed point in such a way that s increases with ¢.
The curve can then be parameterized, using s instead of ¢, in the form
x,=hy(s), x, =h,(s),..., x, =h,(s). Suppose that f has partial deriva-
tives with respect to x,, x,,..., x;.

Show that the directional derivative of f at a point x on C in the
direction of v, where v is a unit tangent vector to C at x (in the
direction of increasing s), is equal to df/ds.

Use Taylor’s expansion in a neighborhood of the origin to obtain a
second-order approximation for each of the following functions:
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(a) f(x,, x,) =exp(x, sin x,).
(b) f(x,, x,, x3) =sin(e™ +x3 +x3).
(©) f(xy,x,)=cos(x; x,).

Suppose that f(x,,x,) and g(x,,x,) are continuously differentiable
functions in a neighborhood of a point x, = (x,,, x,,)’. Consider the
equation u, = f(x,, x,). Suppose that df/dx, # 0 at x,,.
(a) Show that

0x, af af

ax, ox, | dx;

in a neighborhood of x,.
(b) Suppose that in a neighborhood of x,,,

i(f.8) _
d(xy,x,)

Show that

g dx, g
—_——t — =

0,
dx, dx,  dx,

that is, g is actually independent of x, in a neighborhood of x,.

(¢) Deduce from (b) that there exists a function ¢: D — R, where
D CR is a neighborhood of f(x,), such that

g(xy,x,) = d)[f(xl’ xz)]

throughout a neighborhood of x,. In this case, the functions f and
g are said to be functionally dependent.

(d) Show that if f and g are functionally dependent, then

i(f.8)

=0.
I(xy,%,)

[ Note: From (b), (¢), and (d) we conclude that f and g are functionally
dependent on a set A C R? if and only if J(f, g)/d(x,,x,)=0in A.]

7.11. Consider the equation

u u du
X, — +x,— +tx3— =nu.
ax, ax, x5
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Let &, =x, /x5, £, =x,/%5, &5 =x5. Use this change of variables to show
that the equation can be written as

¢ u
—
23

Deduce that u is of the form

=nu.

7.12. Let u, and u, be defined as
vz 1/2
uy=x,(1-x3)"" +x,(1-x7) "7,

=(1-x2)"(1-x3)"" —xx,.

Show that u, and u, are functionally dependent.

7.13. Let f: R?® — R? be defined as

u=f(x), X =(xy,%;,%3), u=(uy,uy,uz),
where u;, =x3j, u, =x3, uy =x3.
(a) Show that the Jacobian matrix of f is not nonsingular in any subset
D cR? that contains points on ay of the coordinate planes.

(b) Show that f has a unique inverse everywhere in R® including any
subset D of the type described in (a).

[ Note: This exercise shows that the nonvanishing of the Jacobian

determinant in Theorem 7.6.1 (inverse function theorem) is a sufficient

condition for the existence of an inverse function, but is not necessary.]

7.14. Consider the equations

g1(x1,%2,91,¥,) =0,
&(x15 %5, ¥1,¥2) =0

where g, and g, are differentiable functions defined on a set D C R*.
Suppose that d(g,, g,)/(x;, x,) # 0 in D. Show that

& _ 9(81,82) [9(8&1,82)

Iy, A(y1,%y) [ (x5 %,) ’

& _é)(ghgz)/&(glng

5()‘1’3‘2)

Iy, d(x1,¥1)
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7.15.

7.16.

7.17.

7.18.

MULTIDIMENSIONAL CALCULUS

Let f(x, x,,x3) =0, g(x, x,,x;) =0, where f and g are differentiable
functions defined on a set D C R®. Suppose that

a(f.g) 0 a(f.g) 20 a(f.g)

) , #0
d(x,, X3) d(x3,x;) d(xy,x,)
in D. Show that
dx, dx, dx,

i(f.8)/d(xy,x3)  I(f,8)/d(x5,x)  I(f,8)/I(x1,%,)

Determine the stationary points of the following functions and check

for local minima and maxima:

(@) f=x7+x3+x, +x,+x,X,.

(b) f=2ax{—x;x,+x3+x, —x,+ 1, where « is a scalar. Can « be
chosen so that the stationary point is (i) a point of local minimum;
(ii) a point of local maximum; (iii) a saddle point?

(¢) f=x]—6x,x, +3x3 —24x, + 4.

(@ f=x]+x5—2(x; —x,)%

Consider the function

I+p+ X p
)1/2 )

(1 +p*+ XL pl
which is defined on the region

C={(p1,prr-->sP)0<p<p,<1,i=1,2,...,m},
where p is a known constant. Show that
(a) df/dp;, for i=1,2,...,m, vanish at exactly one point in C.

(b) The gradient vector Vf=(df/dp,, df/Ip,,...,df/dp,,) does not
vanish anywhere on the boundary of C.

(¢c) f attains its absolute maximum in the interior of C at the point
(p?,p3,...,po), where

1+p?

1+p’

pl= i=1,2,...,m.

[ Note: The function f was considered in an article by Thibaudeau and
Styan (1985) concerning a measure of imbalance for experimental
designs.]

Show that the function f=(x, —x7)x, —2x7) does not have a local
maximum or minimum at the origin, although it has a local minimum
for t = 0 along every straight line given by the equations x, = at, x, = bt,
where a and b are constants.
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7.19.

7.20.

7.21.

7.22.

7.23.

7.24.

7.25.

7.26.

Find the optimal values of the function f=x}+ 12x,x, + 2x5 subject
to 4x7 + x5 = 25. Determine the nature of the optima.

Find the minimum distance from the origin to the curve of intersection
of the surfaces, x5(x; +x,)= —2and xx,=1.

Apply the method of Lagrange multipliers to show that
2221/3<1 2 4 42 442
(x1x2x3) = 3(x1 X3 x3)
for all values of x,, x,, x;.
[ Hint: Find the maximum value of f=x7x5x3 subject to x7 +x3 +x3 =
c?, where ¢ is a constant.]

Prove Theorem 7.9.3.

Evaluate the following integrals:
(a) [ [pxyy/x, dx, dx,, where

D ={(xy,x,)lx;>0,x,>x{,x, <2 —xi}.

) [l /o) 17x%(%x1 + 3x,) dx, ] dx,.

Show that if f(x,, x,) is continuous, then

x? 2—/4—x,

/;)2|:f4X1_X%f(xl,x2)dx2}dxl=j;)4|: Xy (xlsxz)dhldxz.

Consider the integral

I= Ll[fl_X%f(xlsxz) dxz}dxl.

1-x,

(a) Write an equivalent expression for I by reversing the order of
integration.

(b) If g(x,) = [\ f(xy, x,) dx,, find dg/dx,.

Evaluate | [,x,x,dx, dx,, where D is a region enclosed by the four
parabolas x3 =x,, x5 =2x,, X7 =X,, X} =2X,.
[ Hint: Use a proper change of variables.]
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7.27. Bvaluate [ [ [p(x?+x3)dx, dx, dx;, where D is a sphere of radius 1
centered at the origin.
[ Hint: Make a change of variables using spherical polar coordinates of
the form

X, =rsin fcos ¢,
X, =rsin 6 sin ¢,

X3 =rcos 0,
0<r<1,0<0<m,0<¢p<2ml]

7.28. Find the value of the integral

I:fﬁL_
0 (1+x2)3

[ Hint: Consider the integral jo‘/;dx /(a +x?), where a > 0.]

In Statistics
7.29. Suppose that the random vector X = (X, X,)’ has the density function

X, +x,, 0<x<1,0<x,<1,
0 elsewhere.

f(xy,x,) = {
(a) Are the random variables X, and X, independent?
(b) Find the expected value of X, X,.

7.30. Consider the density function f(x,, x,) of X = (X, X,)’, where

1, —x,<x <x,,0<x,<1,
0 elsewhere.

f(xy,x5) ={

Show that X, and X, are uncorrelated random variables [that is,
E(X,X,) = E(X,)E(X,)], but are not independent.

7.31. The density function of X = (X, X,)’ is given by

1 —
f(xy,x,) = F(e)I( :B)X]

0 elsewhere.

Ixfle™ ™ 0<x,,x,<c,
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where a>0, >0, and I'(m) is the gamma function I'(m)=
J& e x™ ! dx, m> 0. Suppose that Y, and Y, are random variables

defined as
Xl
Y= —,
X, +X,
Y, =X, +X,.

(a) Find the joint density function of Y; and Y,.
(b) Find the marginal densities of Y, and Y,.
(c) Are Y, and Y, independent?

7.32. Suppose that X = (X;, X,)’ has the density function

10x,x3, 0<x,<x,,0<x,<1,
0 elsewhere.

f(x1,x,) = {

Find the density function of W =X, X,.

7.33. Find the density function of W = (X} + X;)"/? given that X = (X, X,)’
has the density function

F(xy, %) = 4x,x, e X3 x;>0,x,>0,
elsewhere.

7.34. Let X, X,,..., X, be independent random variables that have the
exponential density f(x) =e™*, x> 0. Let Y,Y,,...,Y, be n random
variables defined as

Y, =X,
Y,=X,+X,,

Y, =X, +X,+ - +X,.

n

Find the density of Y =(Y},Y,,...,Y,)’, and then deduce the marginal
density of Y,.

7.35. Prove formula (7.84).

7.36. Let X, and X, be independent random variables such that W, =
(6/0)X, and W, =(8/07)X, have the chi-squared distribution with
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six and eight degrees of freedom respectively, where o and o) are
unknown parameters Let 6= 10+ $o7. An unbiased estimator of 6
is given by 6= 1X, + 3X,, since X, and X, are unbiased estimators of
ol and o7, respectrvely

Using Satterthwaite’s approximation (see Satterthwaite, 1946), it can
be shown that n6/6 is approximately distributed as a chi-squared
variate with n degrees of freedom, where 7 is given by

)
oy + g0 2)

n= 2
+ oz

2
)
which can be written as

8(9 +71)
108 + 4927

where A =0, /0 2. It follows that the probability

00 n6
p=P 3 <0< — s
X0.025, 7 X0.975, 7

where )(Oin denotes the upper 100a% point of the chi-squared distri-
bution with n degrees of freedom, is approximately equal to 0.95.
Compute the exact value of p using double integration, given that
A = 2. Compare the result with the 0.95 value.

[ Notes: (1) The density function of a chi-squared random variable with
n degrees of freedom is given in Example 6.9.6. (2) In general, 7 is
unknown. It can be estimated by % which results from replacing A with
A=X,/X, in the formula for n. (3) The estimator 6 is used in the
Behrens—Fisher test statistic for comparing the means of two popula-
tions with unknown variances o and o}, which are assumed to be
unequal. If Y, and Y, are the means of two independent samples of
sizes n; =7 and n, =9, respectively, randomly chosen from these
populations, then 6 is the variance of Y, — Y,. In this case, X, and X,
represent the corresponding sample variances. The Behrens—Fisher
t-statistic is then given by

If the two population means are equal, ¢ has approximately the ¢-distri-
bution with 7 degrees of freedom. For more details about the
Behrens—Fisher test, see for example, Brownlee (1965, Section 9.8).]
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7.37.

7.38.

7.39.

Suppose that a parabola of the form = B8, + B,x + B,x? is fitted to a
set of paired data, (x,, y,),(x,, y,),...,(x,,y,). Obtain estimates of S,
By, and B, by minimizing X! ,[y;, — (B, + B, x; + B,x})]* with respect
to :BO’ Bla and Bz‘

[ Note: The estimates obtained in this manner are the least-squares
estimates of B,, B;, and S3,.]

Suppose that we have k disjoint events A, A,,..., A; such that the
probability of A4; is p, (i=1,2,...,k) and X*_, p, = 1. Furthermore,
suppose that among n independent trials there are X, X,,..., X,
outcomes associated with A4, 4,,..., A, respectively. The joint proba-
bility that X, =x,, X, =x,,..., X, =x, is given by the likelihood func-
tion

n!

- pX X2 ... X
|pllpz2 pkk7
"xk.

L(x.p) = x;!1x,!

where x;=0,1,2,...,n for i=1,2,...,k such that Y, x,=n,x=
(x,%5,..,x),p=(py, Ps,--.,p;). This defines a joint distribution
for X|, X,,..., X, known as the multinomial distribution.

Find the maximum likelihood estimates of p,, p,,..., p, by maximiz-
ing L(x, p) subject to X¥_, p,= 1.
[ Hint: Maximize the natural logarithm of piip3?--- pic subject to
Yiipi=1]

Let ¢(y) be a positive, even, and continuous function on (—o,©) such
that ¢(y) is strictly decreasing on (0,%), and [*_ ¢(y)dy = 1. Consider
the following bivariate density function:

L+x/¢(y), —é(y)<x<0,
f(x,y)={1-x/¢(y), 0<x<o(y),

0 otherwise.

(a) Show that f(x, y) is continuous for —o <x, y < o,
(b) Let F(x,y) be the corresponding cumulative distribution function,

F(x,y)= fjm/icf(s,t) dsdt.

Show that if 0 < Ax < ¢(0), then
-1 X N
F(Ax,0)—F(0,0)= [* 7 [*|1— —— |dsar
(45.0) = F(0.0) 2 [7 55 [F1 - 50
> 3Ax ¢ ' (Ax),

where ¢! is the inverse function of ¢(y) for 0 <y < o=,
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(¢) Use part (b) to show that

~ F(Ax,0) —F(0,0)
lim = o0

Ax—0+ Ax

Hence, dF(x, y)/dx does not exist at (0, 0).
(d) Deduce from part (c) that the equality

I*F(x,y)

f(x,y) = Toxdy
does not hold in this example.

[ Note: This example was given by Wen (2001) to demonstrate that

continuity of f(x,y) is not sufficient for the existence of dF/dx, and

hence for the validity of the equality in part (d).]



